On ramification nitrations and p-adic differential modules, I: equal 

characteristic case 



Let A: be a complete discretely valued field of equal characteristic p > with possibly imper- 
fect residue field, and let Gk be its Galois group. We prove that the conductors computed by the 
arithmetic ramification nitrations on Gk defined in [3] coincide with the differential Artin con- 
ductors and Swan conductors of Galois representations of Gk defined in |17) . As a consequence, 
we obtain a Hasse-Arf theorem for arithmetic ramification filtrations in this case. As applica- 
tions, we obtain a Hasse-Arf theorem for finite flat group schemes; we also give a comparison 
theorem between the differential Artin conductors and Borger's conductors [5J. 
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Introduction 

Let k be a complete discretely valued field and let Gj» be the Galois group of a fixed separable 
closure k sep over k. When the residue field Kk of k is perfect, classical ramification theory gives 
Artin conductors and Swan conductors, which measure the ramification of representations of Gk 
of finite local monodromy (i.e., the image of the inertia group being finite). A fundamental result, 
the Hasse-Arf theorem, states that Artin and Swan conductors are nonnegative integers. However, 
when the residue field Kk is not perfect, the classical ramification theory is no longer applicable. 
For one thing, the transition functions <p and ip in \21\ § IV. 3] fail the basic properties; for another, 
the extension of the rings of integers may not be generated by a single element (compare |21|. 
§ III. 6 Proposition 12]). 

In [14], Kato defined Swan conductors for one-dimensional representations when the residue 
field is not perfect. Later in [31 0], Abbes and Saito defined an arithmetic (non-logarithmic) 
filtration and a logarithmic variant on Gk by counting geometric connected components of certain 
rigid spaces as",j. and as"a log over k, which we refer to as Abbes-Saito spaces. The nitrations give 
the arithmetic Artin conductors and Swan conductors naturally. 

Abbes and Saito in [2] showed that their definition of Swan conductors coincides with Kato's 
when k is of equal characteristic p > 0. Moreover, they proved that the subquotients of both 
nitrations are abelian groups [3]. (See also [20], where Saito proved that the subquotients of the 
logarithmic filtration on wild inertia are elementary abelian p-groups.) However, they were not 
able to establish certain integrality result that is analogous to the classical Hasse-Arf theorem. 

Through another completely different path, when k is of equal characteristic p > and has 
perfect residue field, Christol, Matsuda, Mebkhout, and Tsuzuki [18J gave a completely new inter- 
pretation of the classical Swan conductors using the theory of p-adic differential modules. Given a 
p-adic Galois representation of finite local monodromy, they associated a p-adic differential module 
over the Robba ring and proved that the Swan conductor of the representation can be retrieved 
from the irregularity of the differential module, or equivalently, the spectral norms of the differential 
operator. 

Partly inspired by Matsuda [19], Kedlaya generalized this framework to the case when the 
residue field Kk is not perfect. In [IT], he adopted the same construction and counted in the 
effects of other differential operators corresponding to elements in a p-basis of Kk- He defined the 
differential Swan conductor to be, vaguely speaking, the maximum of the numbers computed by 
each of the differential operators, under certain normalization; he was aware of a definition for the 
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differential Artin conductors using a slightly different normalization. Most importantly, he was able 
to prove a Hasse-Arf theorem for the differential Swan conductors [171 Theorem 3.5.8]; his proof 
can be easily adapted for differential Artin conductors (Theorem 12.4.1( 1) (4)). 

In [17], Kedlaya asked, as Matsuda suggested, whether the differential conductors are the same 
as the arithmetic ones, in which case the Hasse-Arf theorem for the arithmetic nitrations in the 
equal characteristic case would follow from that for the differential conductors. Chiarellotto and 
Pulita [TO] gave an affirmative answer to this question when the representations are one-dimensional, 
using the setting of Kato's conductors [14]. 

There is a third story of defining conductors. In [8], Borger introduced the notation of generic 
perfection of a complete discretely valued field and defined the Artin conductors to be the ones 
obtained by base changing to the generic residual perfection of k, which is a complete discretely 
valued field with perfect residue field satisfying certain universal properties. The Hasse-Arf theorem 
of these conductors will follow immediately from that of the classical ones. Kedlaya in [171 P.297] 
asked if this also coincides with the two definitions above. 

This paper assures these questions for all representations of finite local monodromy. Our precise 
result is the following. 

Theorem. Let k be a complete discretely valued field of equal characteristic p > and let Gk be 
its absolute Galois group. 

1 (Hasse-Arf Theorem) Let p : Gk — > GL(V P ) be a p-adic representation of finite local mon- 
odromy. Then the arithmetic Artin conductor Art ar (p), the differential Artin conductor 
Artdif(/o), and the Borger 's conductor Art^(p) are the same. Similarly, the arithmetic Swan 
conductor Swan ar (p) is the same as the differential Swan conductor Swan<iif(/o). As a conse- 
quence, they are all nonnegative integers. 

2 The subquotients Fil a G7 c /Fil a+ G/ c of the arithmetic ramification filtrations are trivial ifa^Q 
and are elementary p-abelian groups if a € Q>i; the subquotients Filf og Gk/Fil^Gk of the 
arithmetic logarithmic ramification filtrations are trivial if a ^ Q and are elementary p-abelian 
groups ifa£ Q >0 . 

This theorem consists of Theorems 14.4.11 and 15.4.31 and Corollary 14.4.31 

We now explain the main idea of the proof, which shows that the arithmetic conductors and the 
differential conductors coincide in a natural way. (We will use the comparison of Artin conductors 
as an example; that of Swan conductors is proved similarly.) 

Let k be a complete discretely valued field of equal characteristic p, with residue field k^. Let 
I be a finite Galois extension of k with residue field n\. An elementary reduces the comparison to 
proving that the arithmetic highest ramification break of l/k is the same as the differential one. 
There are three main ingredients. 

(a) A useful way of visualizing spectral norms is to consider the convergence loci or radii at a 
generic point; see for example [161 Section 5]. However, the convergence loci cannot be defined on 
the rigid annulus because one cannot separate m + 1 differential operators on a one-dimensional 
space. Matsuda [19J had a pioneering attempt to obtain an (m + l)-dimensional space on which 
we may discuss convergence loci. Our approach, which is independently developed and looks very 
similar to Matsuda's work, uses a thickening technique. (Unfortunately, we do not know how to 
relate the two methods.) If the field k can be realized as the field of rational functions on a smooth 
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variety over certain perfect field, the thickening space is just a subspace of the generic fiber of the 
tube corresponding to the diagonal embedding in a formal lifting (see Section \3.1\i . An observation 
is that this thickening space, after a certain base change, "looks the same" as the Abbes-Saito space 
as z/fc> w hose geometric connected components give the ramification information. However, we have 
the following technical issue. 

(b) The thickening space is a rigid space over K, the fraction field of a Cohen ring of k^, which 
in particular is a field of characteristic zero. In contrast, the Abbes-Saito space as^ k is a rigid space 
over k, which is of characteristic p. In order to "identify" two spaces, we need a lifting technique (see 
Section 1) to lift the Abbes-Saito space to characteristic zero and compare the geometric connected 
components before and after the lifting process. A similar idea is also alluded to as a conjecture in 
Matsuda's paper [19]. (Again, we do not know whether our result answers Matsuda's conjecture.) 

(c) The lifted Abbes-Saito space is isomorphic to the thickening space after a certain base 
change (Theorem I4.3.6[) . but not in the naive way. Very vaguely speaking, if the extension l/k is 
generated by a series of equations, then the Abbes-Saito space consists of the points which are close 
to the solutions to those equations; in contrast, the (base change of the) thickening space consists of 
points which are solutions to some equations whose coefficients are close to the original equations. 
These two types of points coincide when l/k is totally and wildly ramified. 

Combining these three ingredients, we can prove the comparison between the arithmetic con- 
ductors and the differential ones. The following diagram may be helpful to illustrate the process. 

( c ) Ada ( b ) as a 



Y = Al[r,l /e , 1) - TS a x f , z Y AS* 



l/k -s~^ uo l/k 



Z = A] < [ m ,l)^ r TS a = "U^,!) A^l) x^ +1 [0,rf)" 

Here, K and L are fraction fields of Cohen rings of and ki, respectively; A^[r/o, 1) denotes the 
half-open annulus over K (centered at the origin) with inner radius t]q and outer radius 1, for some 
7/0 £ (0, 1); A^ +1 [0, rj a ) is the open polydisc (again centered at the origin) of dimension m + 1 and 
radius rf for some a € Q>i; (for the quotation marks, see Caution I3.2,4|) ; TS a denotes the space 
obtained by the thickening process (a); asf, k is the rigid analytic space over k defined by Abbes 
and Saito with respect to a set of distinguished generators, and AS^ k is the lifting space given by 
lifting process (b). The argument in (c) links the two spaces as shown in the graph. 

Part (a) is carried out throughout Section 3; see Theorem 13.4.121 Part (b) is developed in 
Section 1; see Corollary 11.2.121 and Example 11.3.41 Part (c) occupies Section 4; see Theorem 14.3.61 
We finally wrap up the proof in Theorem 14.4. li 

We also obtain a comparison theorem between Borger's Artin conductors and the differential 
Artin conductors, or equivalently the arithmetic Artin conductors. The key is to show that the 
differential Artin conductors are invariant under the operation of "adding generic p°°-th roots" (see 
Definition 15. 2. 2p . This fact follows easily from the study of differential operators. 

Plan of the Paper 

In Section 1, we make a construction, which lifts a rigid space over A; to a rigid space over an annulus 
over K. In particular, we prove that the connected components of the original rigid space are in 
one-to-one correspondence with the connected components of the lifting space, when the annulus 
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is "thin" enough. This part is written in a relatively independent and self-contained manner, since 
we feel that it has its own interest. 

In Section 2, we discuss how to associate a differential module 8 P on the Robba ring over K 
to a representation p of Gk of finite local monodromy. Then we review the definition of differential 
Swan conductors following |17] . At the same time, we introduce differential Artin conductors and 
discuss their properties. 

In Section 3, we introduce a thickening construction. In Subsection l3.ll as an intuitive example, 
we first construct the thickening space when k can be realized geometrically. In Subsection 13.21 
we define the thickening spaces for general k and discuss spectral properties of the differential 
module obtained by pulling back £ p to the thickening spaces. In Subsections 13.31 and 13.41 we link 
the (highest) differential breaks and spectral norms with the connected components of certain base 
change of the thickening spaces. 

In Section 4, we first quickly review the definition of arithmetic ramification nitrations, following 
[3]. Then, in Subsection 14.21 we define the standard Abbes-Saito spaces as^ k and their lifts AS^ k . 
Next, we prove in Subsection 14.31 that the lifted Abbes-Saito spaces and (the base change of) the 
thickening spaces are isomorphic (Theorem I4.3.6p . From this, in Subsection 14.41 we deduce our 
main Theorem 14. 4. It the differential conductors coincide with the arithmetic conductors. 

In Section 5, we give two applications. One is to deduce a Hasse-Arf theorem for finite flat 
group schemes in Subsection I5.lt the other one is the comparison of the arithmetic and differential 
Artin conductors with the Borger's Artin conductors [8j, which occupies the last three subsections. 
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1 Lifting rigid spaces 

In this section, we introduce a construction, which lifts a rigid space over a field of characteristic 
p > to a rigid space over an annulus over a field of characteristic zero. This section is written in 
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a relative independent and self-contained manner as it has its own interest. The notation will not 
be carried over to other sections unless explicitly quoted. 

Most of the content in this section should be credited to Kedlaya. The author would like to 
thank him for allowing to include the proofs. 

Remark 1.0.1. We make a pre-remark that for most of the places in the paper, we implicitly 
use rigid analytic spaces in the sense of Berkovich spaces [5] by allowing discs or annuli with 
irrational radii. This is mostly for notational convenience. We will only encounter at two places 
(See Remarks 11.2.131 and I4.2.5P where we have to shift back to the classical rigid analytic setting 
to talk about connected components by assuming some rationality on the radii of discs or annuli. 

1.1 A Grobner basis argument 

In this subsection, we introduce a division algorithm using Grobner basis, which enables us to find 
a representative in the quotient ring achieving the quotient norm. 

Notation 1.1.1. Let K be a complete discretely valued field of mixed characteristic (0,p), with 
ring of integers Ok and residue field k. Fix a uniformizer ttx and normalize the valuation vk{-) 
on K so that vk{t^k) = 1- We also normalize the norm on K so that \p\ = p . 

Notation 1.1.2. For a nonarchimedean ring R, we use R(u\, . . . ,u n ) to denote the Tate algebra, 
consisting of formal power series I]j 1 ,...,i n gz> fh,-,in u i ' ' ' u n witn fh,...,i n £ R and \fii,~,ij\ ~^ 
as %\ + • • • + i n — > +oo. For rji, . . . , rj n £ (0,1], the ring admits a (rji, ... , rj n )-Gauss norm given by 

fn,...,in< ■ ■•<" = max {\f h ,..., i Jr ] [ 1 ■■■rfc}. 

il,...,i n £&>o 

Notation 1.1.3. Fix a positive integer n, and put 

R mt = K (u l7 ...,u n )((S)), 
R = R int ®o K K, 
R K = R mt ®o K ^ = K[«iv,«n]P) = K((S)){ Ul ,...,u n ). 

For rj € (0, 1], let | • |^ (for short) denote the (1, . . . , 1, r/)-Gauss norm on R. 

Notation 1.1.4. The lexicographic order on Z™ is that for (i\, . . . ,i n ) and (i'^, . . . ,i' n ) € Z n , we 
have (iij . . . ,i n ) >~ (i[, . . . , i' n ) if there exists some j € {1, . . . , n} such that i% = i[, . . . , = i'j_ 1 
and ij > i'j. 

Definition 1.1.5. We equip R K with the lexicographic term ordering induced by the correspon- 
dence u 1 ^ ■ ■ ■ u l £Si h-> (— j, ii, . . . , i n ), i.e., we write au 1 / ■ ■ ■ u^S^ >z (3u^ ■ ■ ■ UnS^ if (— j, i\, . . . ,i n ) >z 
{—f, i[, ■ ■ ■ , i' n ) under the lexicographic order, where a, (3 S k x . 

Using this ordering, we define the leading term lead(/) of a nonzero element / € R K to be its 
largest term under the ordering. In particular, for f,g£ R K \{0}, lead(fg) = lead(/)lead(^). 

For an ideal I K of R K , a Grobner basis of I K is a finite subset {f\, . . . ,f m } C I K such that 
lead(fj) do not have exponents on S and the ideal consisting of the leading terms of all elements 
of I K is generated by lead(fi), . . . ,lead(f m ). Such a basis exists because R K is noetherian. By [TTJ 
Lemma 15.5], fi, . . . , f m also generate I K . 
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Proposition 1.1.6. For any f G R K , there exists g±, . . . , g m , f G R K such that 

f = 9in-\ hWrn + Z', C 1 - 1 - 7 ) 

where any term of f is not divisible by any lead(r/ l ), and lead(/) y lead(^/ l f/j) for all h. 

Proof. Let j be the exponent of S in lead(/) and let S 3 fu) be the sum of terms in / for which the 
exponents of S are j. Applying [11, Proposition-Definition 15.6] to /(j), we can write 

hi) = 9i,(jfi H 1" 9m,(jf m + f'(j) (mod S ■ k[u 1: u m ]lS}), 

where gh,(j) G K[ui,...,« m ] and leadQfa (^r^) < lead(/(,)) for h = l,...,m and any term in 
f(j\ G k[ui, . . . , u m ] is not divisible by any lead(f/ l ). 

If we repeat the above argument for f^—S 3 (<7i ) ( J -)fi+- ■ "+5m,(i)^m+/(j)) e . . . , u m ]|[5]] 

in place of /, we will obtain fL» and g~h,(j') ^ or h = 1, . . . ,m and for some j' > j + 1. We can then 
iterate this process. 

For h = 1, . . . ,m, put ^ = S-^y) + S' J+1 5/ l ,o+i) H and /' = S^/j^ + S 3+1 f' {j+1) H ; the 

power series converge to elements in R K we are looking for. □ 

Definition 1.1.8. For f £ R, write 

/= E (1-1-9) 

Of the monomials for which \ fii,...,i n ,j\ = \f\i, there must be one which is lexicographically largest; 
we call the corresponding term fi u ...,i n ,ji^i • • -u^S 3 the 1-leading term of /, denoted by Lead(/). 

Hypothesis 1.1.10. Let I mt be an ideal of R mt such that R mt /I mt is flat over o K . 

Notation 1.1.11. Denote I = P nt ®o K K an d ^« = ^ mt ®0k K ; the latter is an ideal in R K by the 
flatness hypothesis above. Choose r±, . . . ,r m G P nt which project to elements of a Grobner basis 

fi,...,f m of I K . 

For f £ R, let jf denote the minimal exponents of 5 in the expression ([1.1. 9|) of /. Denote 
jj = min{j rh ; h = 1, . . . , m}; it is a nonpositive integer. 

Notation 1.1.12. In this subsection, fix 770 G (|7r^| _1 /-' / , 1). In particular, \ttk\Vo ^ 1- 

Notation 1.1.13. Let 1Z V0 be the Frechet completion of R for | • \ v for 77 G [770, 1). Let R 1 ^ denote 
{/ G TZ r)Q \\f\i < 1} and put R no = R^ ®o K K and I m = I ® R R m . 

Notation 1.1.14. For an element / G 7Zjj written as in (jTX3[) and I G Z, let n l K f (l) be the sum 
of all terms fi u ...,i n ,jU % ^ ■ ■■u t r ?S j for which v K (fi lt ...,i n ,j) = I Thus, f^ G R^; we use f^ denote 
its reduction in R K . 

Lemma 1.1.15. For h = 1, . . . ,m and 77 G [770, 1], 

K|r? = 1, \ r h,(l)\v < if'i for I G Z> . 

Proof. The former inequality follows from the choice of 7/0 in Notation 11.1.121 The latter follows 
from the definition of j/ in Notation 11.1.111 □ 
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Construction 1.1.16. For / G R no with = \ttk\ 1 °, the division algorithm is the following 
procedure. Put fi = f. Given // for / > Iq, we apply Proposition 11.1.61 to write 

fl,(l) = 9l,in H h gi, m rm + f'i,(i), 

where gi ; h G R K and lead (g^ /if /J ^ lead(// ^) for ft, = 1, . . . , m and any term of f{,n G R K is not 
divisible by any lead(f/ l ). For each /i, pick lifts of in R mt so that = gi t h,(o)i namely, we 
only lift nonzero terms. Put 

fi+i = fi~ n l K(gi,m H h gi >m r m ). 

Remark 1.1.17. Division algorithm depends on many choices but we will prove in Proposi- 
tion [LL2T] that the outcome lim^ +00 fi is uniquely determined by /. 

Lemma 1.1.18. At each step of the division algorithm, for r] G [rjo, 1] and h = 1, . . . ,m, 

<^\fm)\r, i'>i 

\dl,h\r, < \fl,(l)\r), \f 1+1,(1') - fl,(l')\v { <\fl,(l)U V = 1 ■ (1.1.19) 

= v < i 

Proof. The former inequality holds because lead (g^ /if /J ■< lead(/; (/)). The latter relation follows 
from the former one, using Lemma ll. 1.151 □ 

Corollary 1.1.20. For h = 1, . . . , m, the series gn = T^K9lo,h + '^k' 1 '9l +i,h H converges under 

\-\ v forrje [rjo, 1)- Consequently, g h G R m for h = 1, . . . , m. 

Proof. By Lemma ll. 1.181 

W K 9i,h\ v < Wkfi,{t)\n < l^K^^W'lfi-ixi-^lvAfi-Ui)^} 

< |vr^| / max{7/ 2j/ |/i„ 2i (/_2)l^,V I |/«-2,(/-l)|7 ? ,V I |/z~2,a-2)l»;, \fl-2,(l)\r,} < " 

< kK\ l ^{v {l ~ l ' )h \f(i')\v} ^^{{Mri'Y^i^Kf^y, 

this goes to zero as / — > +oo. □ 

Proposition 1.1.21. Keep the notation as above. The quantity f — giT\ — ■ ■ ■ — g m r m is the unique 
element of f + 1^ for which none of its term is divisible by any Lead(r/j). 

Proof. It follows from the definition of g±, . . . ,g m that none of the term of / — gir\ 9m r m is 

divisible by any Lead(r/j). 

Assume that / G R Vo does not contain any term divisible by any of Lead(r/ l ), then we need to 
show that for any nonzero g G I Vo , there is a term in / + g divisible by some of Lead (r/i). Assume 
the contrary. Let n = logu. i|<;|i. Then g^ G I K does not contain any term which divides any of 
lead(f/ l ). This forces gr n ) = because the leading term of any nonzero element in I K is divisible by 
some lead(f/j). Contradiction. The lemma follows. □ 



Lemma 1.1.22. For rj G [jyo,l], |/— gifi — ■ ■ ■—g m r m\^ equals the minimum r\- norm of any element 
of f + J„ . Moreover, this continues to hold if we pass from Rq to its completion under \ ■ L. 
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Proof. For 77 G [r/ , 1], by Lemma dXTHl \fi+i[ n < \fi\ v and hence \f - gm g m rm\ v < \f\ v - 

By Proposition I1.1.2H starting with any element in / + J„ , the division algorithm will eventually 
lead to a unique element / — g\r\ — ■ ■ ■ — g m r m ; hence the first statement follows. 

The second statement follows from the fact that any element in f +I rjf) R ri £ ] is a limit of elements 
in/ + V □ 

Proposition 1.1.23. Let f be a rigid analytic function on the space 

x ??o = {(""!' ••• , u n,S) G A^ +1 |r? < |£1 < 1; M, • • • , \u n \ < l;n, . . . ,r m = 0}. 
Then the following are equivalent. 



(a) f is induced by an element of R 



int 

"no ' 



(b) There exists a function r : [770, 1) — >• R with ]xnx r) _^i- r(rf) < 1, such that for each ?] G [770, 1), 
/ lifts to an element of the \ ■ \ n - completion of R rf0 having rj-norm less than or equal to r(n). 

Proof. It is clear that (a) implies (b), so assume (b). We can write / as a Frechet limit of the 
projections of some sequence of elements /1, /2, • • ■ of R, under the quotient norms associated to 
the I • ^ for 77 G [770, 1). Use the division algorithm to write fi = gi^r\ + • • • + gi )m r m + hi with 
9l,i) ■ • • ; 9l,mi hi G R m . Moreover, as fi — fi+i tends to zero under the Frechet topology, so is hi—hi+i 
since it can be obtained from the division algorithm of f\ — fi + \ and Lemma 11.1.181 ensures that 
\fi ~ fl+l\v > \hi — hi + i\ rj . Hence, the hi form a Fechet convergent sequence; denote the limit by 
h, which is a lift of /. Note that for a fixed 77, |/ijL equals the 77-quotient norm of fi, which in turn 
equals the 77-quotient norm of / when I is large enough. Thus, \h\ v < r{rj) for all 77 G [770, 1). Hence 
it lies in R^. □ 

Notation 1.1.24. Define 

A int = ^intyjint A = R/ j 
Ar] = Rrjo/ Tqo A K = A ®ok ^ = Rk,/ Ik'i 

we may view A K as an affinoid algebra over k((S)), whose corresponding rigid analytic space is 
denoted by X. 



1.2 Quotient norms versus spectral norms 

In this subsection, we compare spectral norms with the quotient norms discussed in previous section. 
As an application, we deduce that the connected components of "K Vo when 770 — > 1~ as a rigid space 
over K are the same as the connected components of X as a rigid space over k((S)). 
Keep the notation as above and assume the following. 

Hypothesis 1.2.1. In this subsection, we assume that A R is reduced. 

Notation 1.2.2. Let | • | K q UO t denote the quotient norm on A K induced by the Gauss norm on R R . 
Let I • | KjSp = lim n ^ +00 | - n |)/q UOt be the spectral norm; it is a norm because A K is reduced. By [9j 
Theorem 6.2.4/1], there exists c > such that | • | rejSp < | • | Kiquo t < |<S1k C | ' |«,sp> where \S\ K is the 
norm of S in k((S)). 



9 



Notation 1.2.3. In this subsection, fix i]q € (Ivr^'l 1 ^ j J + pc ),l); in particular, I^kWo < Vq and 
Vo > p~ l/pc - 

Notation 1.2.4. For r\ € [770, 1], let | • liquet denote the quotient norm on A m or A induced by the rj- 

Gauss norm on R vo or R. Similarly, we have the 77-spectral (semi)norm | • |^ jSp = lim n _> +00 \ - n |^q UOt ; 
we will see in Lemma 11.2.61 that it is a norm. 

Proposition 1.2.5. The quotient norm \ ■ |i iquo t on A is the same as the spectral (semi)norm 
I • |i, S p- As a consequence, the map A mt — > A K induces an isomorphism A°/A°° = A K , where 
A° = {fe A||/|i tgp < 1} and A°° = {/ e A||/| liSp < 1}. 

Proof. Since ^4 mt /m^^4 mt = A K is reduced, by 6.2.1 /4(iii)] , the quotient norm on A is equal to 
the spectral seminorm, A° = A mt , and ^4°° = mjf4 mt . This proves the claim. □ 

Lemma 1.2.6. For -q € [ijq, 1), we have \ ■ j^gp < | • |^ iqU ot < ^p c /(p^ 1 )\ ■ \ v ^ sp on A m . The same 

is true when extending both TiOTTfl to the COTTiplctiofl of -^rjo with VCSpCCt to | ■ l^^quot 

(which is the 

same as the completion with respect to the spectral norm). In particular, this shows that \ ■ \ VtSp is 
a norm on A m . 

Proof. It suffices to show that for any / E A m , \f p \r],quot > ^l/l^quoti then it would follow that 

quot f° r a ^ " £ N by iteration, and hence the statement follows by 

taking limit. 

Pick a representative / of / in R„ containing no terms divisible by any Lead(r/ l ) (hence by 
Proposition I1.1.2T1 \ f\ v = \f\ v ,quot)- Fix rj G [r/o, 1), we will show that 

IFkquot = I E(^/(0f ^ rfVfr, = V pc \f\ P v , q nof (1-2-7) 

I ^ »7,quot 

First, we remark that, given the middle inequality, the former equality follows; this is because 
f p — J2i( 7r Kf(i)) P consists of products of 7f l K f^ with an extra multiple p from the multinomial 

coefficients and then \p - E^/(/)) P kquot < \F ~ Zi^ l K f(l)) p \v < P^lflv < V p V\ P v, for V & 
[t]q, 1). So it suffices to prove the middle inequality in fjl . 2. Tf) . For any I, we have 

)(/(/)) | Kj quot — KAo) lre,sp IAoIk,sp — \^\k K(olfc,quot' 

Let {f(i)) p = gi,\r\ + - ■ •+gi,m,rm + hi be the result of the first step of applying the division algorithm 
to {f(i)) p . Then logjfy^o) |„ = lo g|5| J (/(o) P L, qU ot and hence ^ V pc \f(i)\ P - Moreover, by 

Lemma[TXT8l |fy-fy,(o)lr/ < if 1 \iTK\\f(i)\ P < r] pc \ir K \~ pl \f\ p 1 ; this implies that \ vm ot = l^,(o)l»?- 
Now, we can write 

I>k/«) P = E^(0) + E 7 ^^ " ^,(0)) (1-2.8) 
1 1 1 

in the quotient ring. The former term on the right hand side of (jl.2.8p has (quotient) norm at least 
rf°\f\n because none of them is divisible by any Lead(r/j). In contrast, the latter term on the right 
hand side of (jl.2.8p has norm strictly less than f] pc \f\ p . Thus, the inequality in (jl.2.7p holds. □ 
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Remark 1.2.9. It is attractive to think that | • L sp < | • |ry,quot < f] °\ ■ Lsp when r/ — ¥ 1 . 
However, the best we know is that for any c' > c, we have an e depending on c', for which 

c I ' |r;,sp for ah V E [e 5 !)• 
Corollary 1.2.10. For a rigid analytic function f on X^,,, the following are equivalent, 
(a) f is an element in A 



mt 
vo ■ 



(b) There exists a function r : [r/cb 1 ) ^ with lim^i r(r/) < 1, such that for each ij 6 [770, 1), 
I/Iimp < r(rj). 

Proof. It follows from combining Lemma 11.2.61 with Proposition 11.1.231 □ 

Theorem 1.2.11. There are one-to-one correspondences among the following four sets. 

(a) the idempotent elements of A K ; 

(b) the idempotent elements of AJ?* ; 

(c) the idempotent elements of A vo ; 

(d) the idempotent elements on X„ . 

Proof. By Corollary ll.2.10| the sets (b), (c), and (d) are the same because idempotent elements 
have spectral norms 1. It suffices to match up (a) and (b). We have a map from the set of 

lint 

Vo 

T,p+ f n a I, 

Vo 



idempotent elements of A" 1 ^ to the set of idempotent elements of A K by reducing modulo ttk- 
We first show the injectivity. Let /, g E R 1 ^ be idempotents whose reductions modulo ttk are 



the same, i.e., / = g £ A K . This implies that f p 1 + f p 2 g + • • • + g p 1 = in A K . Since 
/ - 9 = P ~ 9 P = (f ~ 9)U p - 1 + f p ~ 2 9 + ■ ■ ■ + 9 p ~ l ), we have 

1/ - <?|i,quot = |(/ - 5)(/ P_1 + f P ~ 2 9 + ■■■+ 9 p ~ 1 )\ hquot 

< 1/ - ffll.quot • IF' 1 + f P - 2 9 +■■■+ 5 P-1 |l,quot < |/ - Skquot " M 

This forces \f — 5|i, qU ot = and hence / = g. 

To see the surjectivity, we start with an idempotent / E A K , viewed as an element in R K 
with none of its terms divisible by any of Lead(f/ l ); pick a lift /o € R mt of / which only contains 
the terms that / has and let /o € A mt denote its image in A mt . If we set ho be the result of 
applying the division algorithm to fl - f and h = f$ - f , then |/i |l,quot = |^o|l,quot < \^k\ and 
|^o|r;,quot = |^o|r;,quot < p~ l ri~ 2c < 1 for all n E [t]q,1), where the latter inequality holds because 
all terms in _fo come from the terms in / which have norms < |/| K ,quot < |5'Ik C |/U,sp = \S\^ C - We 
apply a Hensel lemma type iteration to /o as follows. For a > 0, we set f a +i = fa + h a — 2h a f a 
and 

h a +i ■= fl+i ~ fa+l = (fa + h a - 2h a f a ) 2 - (f a + h a - 2h a f a ) = 4:h 2 a (h a - 1). 
Hence, \h a+1 \ VAUOt < \h a \ 2 quot for all r] E [rj , 1]. Thus \h a \ Vtqnot as a ->• +oo; hence f a 
converges to an element / E A 1 ^ which is idempotent. It is clear from the construction that the 
reduction of / modulo txk is the same as /. This proves the surjectivity. □ 

Corollary 1.2.12. When t)q E p^, there is a one-to-one correspondence between the connected 
components of X and the connected components o/X„ . 

Remark 1.2.13. This is the first place where we need the rationality of log p r/o to ensure that we 
are in the classical rigid analytic space setting to talk about connected components [9j 9.1.4/8]. 
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1.3 Lifting construction 

In order to apply the results from previous two subsections later in the paper, we, reversing the 
picture, start with a rigid analytic space X and try to construct X„ out from it. 
Let k and K be as before. 

Definition 1.3.1. Let X be a reduced affmoid rigid space over k((S)) with ring of analytic functions 
A K = R K /I K where R K = k((S))(ui, . . . ,u n ) and I K is some ideal. The lifting construction refers to 
the following. 

(1) Find an ideal P nt in P int = K ( Ul , . . . ,u n )((S)) so that R int /I int is flat over O k and 
/ int ®o K k = I k - 

(2) Choose a Grobner basis of l R and lift its elements to r%, . . . , r m G P as in Notation II. 1.111 
and define r/o as in Notation 11.2.31 

(3) We call the rigid analytic space 

x ??o = {(ui, . . . ,u n ,S) e A^- +1 | rjo < \S\ < 1; . . . ,\u n \ < 1; n, . . . , r m = 0} 
the lifting space of X; it depends only on the choice of P nt and 770- 

Remark 1.3.2. We do not know if such a lifting space always exists in general. The only obstruc- 
tion is to find an ideal P nt lifting I K such that R mt /I mt is flat over Ok- 

Question 1.3.3. It would be interesting to know if the above lifting construction can be globalized 
for arbitrary rigid spaces over k({S)). In particular, given a morphism between two rigid spaces 
over k((S)), can we lift the morphism (non-canonically) to a morphism between (some strict neigh- 
borhood of) their lifting spaces? Can we "glue" the lifting spaces up to homotopy? This situation 
is very similar to Berthelot's construction of rigid cohomology [6]. 

For an affmoid subdomain of a polydisc, we explicate this lifting process. 

Example 1.3.4. Let pi, . . . ,p m € K[5J[ni, . . . , u n ] be polynomials and ai, . . . , a m G N. We consider 
the following affmoid subdomain of the unit polydisc 

X = {( Ul ,...,u n ) eK((S))\ M,...,K| < l;\ Pl \ < |S| 0l ,...,|p m | < \S\ a ™}. 

The ring of analytic functions on X is 

k((S , ))(ui, . . .,u n ,vi, . . .,v m )/ (viS ai - pi,.. .,v m S am -p m ). 

For each i, let Pj be a lift of p. L in Or- [SI [u±, ■ ■ ■ , u n ] (here we allow Pj to have new terms other 
than the terms of pi). We claim that the ring 

K (u 1 ,...,u n ,v 1 ,...,v m )((S))/(v 1 S ai -P 1 ,...,v m S a - -P m ) (1.3.5) 

is flat over Ok- This is because the ring 

O k ((S))[ Ui , ...,u n , Vl ,..., v m }/( Vl S^ - Pi, ... , v m S a ™ - P m ) ~ O k {{S))[u x ,...,%] 

is flat and hence torsion free over Ok, and so is its completion (|1 .3.5|) with respect to the topology 
induced by (p, S) r O K \S\ [m, . . . , u n , vi, . . . , v m ] for r £ N. 
Therefore, by Definition 11.3.11 

X„ = {{ Ul ,...,u n ,S) G A™ +1 | 770 < \S\ < 1;K|,...,K| < l;|Pi| < \S\ a \...,\P m \ < \S\ a ™} 

is a lifting space for X, for some 770 G (0, 1). 
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2 Differential conductors 



In this section, we recall the definition of differential Swan conductors following [17] . Along the 
way, we define the differential Artin conductors using a slightly different normalization. 
As a reminder, we do not use any notation from the previous section. 

2.1 Setup 

Convention 2.1.1. Let J be an index set. We write ej for a tuple (ej)jgj. For an element x, we 
use x ej to denote (x 6j )j g j. For another tuple bj, we denote b e f = Ylj e jb^ if only finitely many 
ej ^ 0. We also use Y^ J= o t° mean the sum over ej £ {0,1, ... ,n} for each j 6 J, only allowing 
finitely many of them to be non-zero. 

Definition 2.1.2. For a finite field extension l/k of characteristic p > 0, a p-basis of I over k is 
a set (cj)j<=j C / such that Cj J , where ej € {0, 1, . . . ,p — 1} for all j £ J and ej = for all but 
finitely many j, form a basis of the vector space I over By a p-basis of / we mean a p-basis of 
2 over l p ; it is an empty set if and only if I is perfect. (For more details, see [11] P. 565] or EGA[T2| 
Ch.O §21].) 

Remark 2.1.3. For a p-basis cj C /, dcj form a basis for the differentials Qj as an /-vector space. 

Convention 2.1.4. Throughout this paper, all differentials are p-adically continuous. In other 
words, for a continuous homomorphism A — > B of p-adic rings, Q l B j A is the relative p-adically 
continuous differentials. Sometimes, we may use the corresponding geometric objects (e.g. rigid 
space Max(l?)) instead of A or B in the notation. When A = 7L V , we may suppress it from the 
notation (by simply writing fig). 

For a homomorphism A —> B between rings, a V '-module or a differential module over B relative 
to A is a finite projective S-module M equipped with an integrable connection V : M — > M8Qg^. 
Sometimes, we may use the corresponding geometric objects instead of A or B in the notation. 
When A = Z p , we may omit the reference to the base ring. 

Notation 2.1.5. Let A; be a complete discretely valued field of equal characteristic p > 0. Denote its 
ring of integers, maximal ideal, and residue field by Ok, xrik, and Kk, respectively. Fix a uniformizer 
s and a non-canonical isomorphism 

K fc ((a))=ifc. (2.1.6) 

Let Vk(-) denote the valuation, normalized so that Vk(s) = 1. Let (bj)j<=j be a p-basis of Kk, where 
J is an index set. Let bj be the image of bj in k under the isomorphism ([2.1.6]) . Hence, {dbj)j & j 
and ds form a basis of / Fj) . We set kq = n n> ok pn = n n >o^ ; it is a perfect field. 

Notation 2.1.7. Let Ok denote the Cohen ring of Kk with respect to (bj)j<zj and let (Bj)j^j C Ok 
be the canonical lifts of the p-basis. (For more about Cohen rings, see [17[ Section 3.1] or [24].) 
Denote K = FracO^. We use Ok to denote the ring of Witt vectors W(kq) of kq, as a subring of 
Ok ■ Denote Kq = FracC^o ■ 

We insert here a proposition discussing the functoriality of Cohen rings. For more detailed 
study of functoriality of Cohen rings, one may consult [24] . 
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Proposition 2.1.8. Keep the notation as above and let R be a complete noetherian local ring with 
the maximal ideal m containing p. Assume that we have a homomorphism ip : Kk '—t R/xn. Then, 
for any B'j C R lifting ip(bj), there exists a unique continuous homomorphism ip : Ok —> R lifting 
■ip and sending Bj to B'- for all j € J. 

Proof. For any n € N, a level n expression of an element g G Ok is a (non-canonical) way of writing 
g as 

i,i'>0 e./=0 

for some -A^i'^j €= Ok and for a fixed i, ^4i,i', e/ = when i' 3> for all ej. Then we set 

P n -i 



Ma) = E E^,e^ 



i,i'>0 e. 7 =0 



where A^/ ej is some lift of tp(ani ej ) in i? with aa> ej being the reduction of A^/ ej in Different 
choices of lifts A^/ ej may change the definition of ip n (g) by an element in m n ; a different level n 
expression as in (I2.1.9P may also vary ip n {g) by some element in m n . For a level n expression of g 
as in (|2.1.9p with n > 1, we can rewrite it as 



pEEE pK^^-^t ^ 

i,i'>0 e ; 7 =0 ej=0 



which is a level n — 1 expression for 5. From this, we conclude that ip n (g) = VVi-lG?) modm n_1 . 
Taking n — > 00, we get our map VKfiO = nm n.->oo ipn{g)- It is not hard to check that ^ is actually a 
homomorphism; this is because for g,h £ O^, the formal sum and product of level n expressions 
of g and ft are level n expressions of g + ft and gfft, respectively. 

To prove the uniqueness, take another continuous homomorphism ip' : Ok — > R satisfying all 
the conditions. Then for a level n expression of g as in (I2.1.9p . 

p n -i p n -i 

E E^,^) = E E m^jTb? 

i,i'>0ej=0 i,i'>0ej=0 

is exactly one possible definition for ip n . As we proved above, ip'(g) = ip n (g) = ip(g) mod m n . Let 
n — > 00 and we have ip = ip'. □ 

Corollary 2.1.10. Keep the notation as above and assume that J = {l,...,m} is a finite set. 
There exists a unique continuous homomorphism ip : Ok — > Ok\S\, ■ ■ ■ , S m J such that for all j € J, 
ip(Bj) = Bj + 6j and for any g G Ok, ifi(g) — g ^es in the ideal generated by Si, . . . , S m . Moreover, 
the ip is an O K -homomorphism. 

Proof. The first statement follows from previous proposition. By the functoriality of Witt vectors, ip 
has to be identity when restricted to Ok because kq is perfect. Hence, ip is an 0x o -homomorphism. 

□ 
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Corollary 2.1.11. Assume that has a finite p-basis bj. Fix j € J and let b'j € Ok be an element 
such that b'j = bj (mod trifc). Then there exists an automorphism g* : k — > suc/i t/iat <?*(s) = 
9*( b j) = bj, and g*(bj\j) = bj\j. 

Proof. Applying Proposition 12.1.81 to R = k^Js] and m = (s) gives us a homomorphism g* : 
Ok/(p) = Kk ~ ► kls} such that g*(bj) = b'j, and g*(bj\j) = bj\j. One can extend this to an 
automorphism g* : k — > k by setting g*(s) = s. □ 

2.2 Construction of differential modules 

In this subsection we review Tsuzuki's construction [23J of differential modules over the Robba 
ring associated to p-adic Galois representations. For a systematic treatment, one may consult, for 
example, [T71 Section 3]. 

Notation 2.2.1. Keep the notation as in the previous subsection. Fix a separable closure k sep of 
k and let Gk = Gal(/c sep /k) be the absolute Galois group of k. 

For a (not necessarily algebraic) separable extension l/k of complete discretely valued fields, 
the naive ramification degree e is the index of the valuation group of k in that of I; note that this 
might not be the same as the usual ramification degree because the inseparable part of the residue 
field extension m/ Kk is not counted in. We say l/k is tamely ramified if p\ e and the residue field 
extension is algebraic and separable. Moreover, if e = 1, we say that l/k is unramified. 

Notation 2.2.2. By a representation of Gk, we mean a continuous homomorphism p : Gk — > 
GL(V P ), where V p is a vector space over a (topological) field F of characteristic zero. We say that 
p is a p-adic representation if F is a finite extension of Q p . 

Let F be a finite extension of Q p . Let and F g denote its ring of integers and residue field, 
respectively, where q is a power of p. Write 7L q for the Witt vectors W(¥ q ) and <Q q for its fraction 
field. By an O -representation of Gk, we mean a continuous homomorphism p : Gk — > GL(V^) with 
V p a finite free O-module. 

We always assume that ¥ q C kq (see the Remark 12.4.31) . Denote K' = KF. Since F/Q q is 
totally ramified, we have the ring of integers Ok 1 — Ok ®z q O. Let vk 1 denote the valuation on 
K' normalized so that vk'{p) = 1. 

Notation 2.2.3. Let Ck be the Cohen ring of k with respect to the p-basis {{bj)j£j,s}. By 
functoriality of Cohen ring (Proposition 12. 1 .8j) , Ck has a natural structure of Ox-algebra via the 
isomorphism (|2.1.6p . In particular, the (canonical) lifts of (bj)j£j in Ck are (Bj)j & j. We denote 
the canonical lift of s in Ck by S. 

Put r = Ck ®% q O; it is a complete discrete valuation ring since O is totally ramified over 7L q . 
It carries a Frobenius structure 4> lifting the qth-power Frobenius on k which acts trivially on O. 

Definition 2.2.4. If R is equipped with an endomorphism a : R — > R, a (a, 'V)-module over R is 
a V-module over R (relative to Z p ) equipped with an isomorphism a*M —¥ M of V-modules. 

Definition 2.2.5. For every O-representation p : Gk — > GL(V P ), define its associated (cj>, V)-module 
over r by 

D( P ) = {v p ® r^ T ) Gk , 

where r unr is the p-adic completion of the maximal unramified extension of T. All V-modules we 
encounter in this section are relative to Z p , so we omit the reference to the base ring Z p in the 
notation. 
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Proposition 2.2.6. For any Frobenius lift 4> on V , the functor D from O '-representations of Gk to 
((f) , V) -modules overT is an equivalence of categories. 

Proof. For convenience of the reader, we briefly describe the functor here; for more details, one 
may consult [17\ Propositions 3.2.7 and 3.2.8]. It is well-known that D establishes an equivalence 
between the category of representations and the category of ^-modules over T (finite free T-modules 
with semi- linear factions), with V(M) = (M ® r r unr )^ 1 as the inverse. The nontrivial part is 
that every 0-module over T admits a unique structure of (</>, V)-module; this involves a standard 
approximation argument. □ 

Definition 2.2.7. Let Ik = Gal(/c sep /fc unr ) be the inertia subgroup of Gk, where k unr is the maximal 
unramified extension of k in fc sep . We say that an (O-)representation p has finite local monodromy 
if the image p(Ik) is finite. 

For an O-representation p of finite monodromy, one can refine the (<j), V)-module associated to 
p as follows. 

Construction 2.2.8. Since Gk has an Ox-algebra structure, any element x G V can be uniquely 
written in the form of ^2i & z,XiS l for Xi G Ok ®7L q O = Ok 1 such that the indices i for which 
VK'{xi) < n are bounded below. 

For r > 0, put r r = {x G T| lim vk'{x„) + rn = oo} and rt = U r> oT r ; the latter is commonly 

n— >— oo 

known as the integral Robba ring over K'. It is not hard to show that the Frobenius 4> preserves 
rt and that = ®j^j^dBj T^dS. Also, rt is Henselian discrete valuation ring as cited in 

Lemma EXJUJ 

Since Ox> T', we can identify 0^ r ^ (rt) unr , where the superscript unr means taking the 
maximal unramified extensions of discrete valuation rings. Put rt = e>£F ® or (rt) unr c r unr , 
where we take the p-adic completion. For a p-adic representation p with finite local monodromy, 
define 

Dt(p) = D( P ) n (v p ®o r f ) = [v p ® r f ) Gfc . (2.2.9) 

Lemma 2.2.10. [16, Proposition 3.20] The integral Robba ring rt is a henselian discrete valuation 
ring. 

Theorem 2.2.11. |17l Theorem 3.3.6] Let <j> be a lift of Frobenius to V acting on rt. Then 
induces an equivalence between the category of O -representations with finite local monodromy and 
the category of (</>, V) -modules over rt. 

Notation 2.2.12. For / C [0, +oo) an interval, let A K (I) denote the annulus (centered at the 
origin) with radii in /. (We do not impose any rationality condition on the endpoints of /, so this 
space should be viewed as an analytic space in the sense of Berkovich [5J.) If / is written explicitly 
in terms of its endpoints (e.g., [a,/3]), we suppress the parentheses around / (e.g., A^[a, /3]). 

For < a < j3 < oo, let K(a/t,t/f3) denote the ring of analytic functions on A^-[a,/3]. (If 
a = 0, we write K(t/(3) instead.) For rj G [a,/3]\{0}, K(a/t,t/(3) admits an r/-Gauss norm: for 
/ = E i& a i xi €K{a/t,t/P), 

\f\v = m ^A\ a i\v 1 }- 
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Notation 2.2.13. For tjq £ (0, 1), we use Zjr vo for short to denote [770, 1)- Denote the ring of 
analytic functions on it by TZ 1 ^. We define the Robba ring over K to be TZk = l^^w^WlZ 7 ^. Also 
denote TZ 7 ^, = TZ^ <8><q 9 F and TZk' = TZk <8>q„ F. We will be only interested in the behavior when 
rjo is close to 1. 

Remark 2.2.14. We use k in the subscript of Z^r m because the space is functorially in k but not 
in K, as we made a non-canonical choice in (|2.1.6p . 

Now, we restrict the (0, V)-module D^(p) to the Robba ring over K as follows. 

Construction 2.2.15. Consider the natural injection TZk 1 - Note that the Frobenius (f> 

extends by continuity to TZk 1 ■ Thus, from an ©-representation p with finite local monodromy, we 
obtain a differential module £ p = D^{p) £g) r t TZk> over TZk 1 - 

Moreover, if we start with a p-adic representation p : Gk — > GL(V^) of finite local monodromy, 
we can choose an 0-lattice V p mt of V p stable under the action of Gk- Then we associate a differential 
module £ p to the O-representation given by V p mt . It is clear that £ p does not depend on the choice 
of the lattice V p mt . We call £ p the differential module associated to p. 

Proposition 2.2.16. [TTJ, Proposition 3.5.1] The (4>,V) -module £ p over TZk 1 is independent of the 
choice of the p -basis (up to a canonical isomorphism). 

Proposition 2.2.17. The differential module £ p descends to a differential module over TZ 1 ^, for 
some rjo £ (0, 1). 

Proof. Indeed, defining a differential module needs only finite data. So, we can realize it on a 
certain annulus. See for instance [171 Remark 3.4.1]. □ 

Remark 2.2.18. We will often make ijq closer to 1 _ along the way of proving main theorems. We 
will see later that all we care about is the asymptotic behavior of £ p as t]q — > 1~. 

Remark 2.2.19. The current construction of associating differential module to a representation 
(Constructions 1212. 81 and [2. 2. 15 j) is not functorial with respect to the base field F of the representa- 
tion. If F' is a finite extension of F, for a p-adic representation p over F of finite local monodromy, 
one can naturally obtain p®p F' as a p-adic representation over F' . Assume that contains the 
residue field ¥ q i of F' . Then the differential modules associated to p and p <8>f F' are the same if 
F 1 j F is unramified and £ p ®f F 1 = £ p( $ F pi if F'/F is totally ramified. 

There are two reasons of keeping this non-functoriality flaw. For one, the differential conductors 
we define later will be the same if we change p to p §§p F' . For the other, if we define £ p using the 
tensor over Z p instead of 7L q in Notation 12.2.31 i n which case we do have the functoriality, we will 
get the direct sum of [¥ q : ¥ p ] copies of £ p as differential modules. When proving the integrality of 
Swan conductors, we have to come back to study £ p because K ®z p O ~ K'^ ¥ ^ is not a field if 
q>p. 

2.3 Differential conductors 

Given a p-adic representation p of finite local monodromy, Kedlaya [17, Section 3.5] showed that 
one can define a differential Swan conductor for p, using the p-adic differential module associated to 
p. In this subsection, we review this definition and give an analogous definition for the differential 
Artin conductor. 
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Remark 2.3.1. Starting from this subsection, the Frobenius 4> plays almost no role in our theory; 
most of the arguments work for solvable differential modules (see [17} Definition 2.5.1]), and since all 
the decompositions for differential modules we encounter are canonical, they automatically respect 
the Frobenius structure. The only place we need Frobenius is to link back with representations; 
see Proposition 12.3.221 

Hypothesis 2.3.2. In this subsection, we make an auxiliary hypothesis that k admits a finite 
p-basis {b\, . . . , b m , s}. 

Notation 2.3.3. Let J = {1, . . . , m} for notational convenience. We save the letters j and m for 
indexing p-basis, except in Subsections 14.11 (See Notation 14. 1.2ft . We also use J + to denote JU{0}, 
where refers to the uniformizer s in the p-basis. 

Definition 2.3.4. Let £ be a differential field of order 1 and characteristic zero, i.e., a field of 
characteristic zero equipped with a derivation d. Assume that E is complete for a non-archimedean 
norm | • |. Let M be a finite differential module over E, i.e. a finite dimensional E- vector space 
equipped with an action of d satisfying the Leibniz rule. The spectral norm of d on M is defined 
to be 

|d| M)Sp = lim \d n \ l ^ n 

n— >oo 

for any norm | • \m on M; it does not depend on the choice of | • \m- One can prove that |<9|Af,sp > 
|<9| E>sp (pJS Lemma 5.2.4]). 

Remark 2.3.5. For a complete extension E' of E, to which the derivation d extends, M ®eE' can 
be viewed as a differential module over E' with spectral norm \8\m® e e' ,sp = rnax{|<9|Af, sp , |<9|_E' iSp }. 

Notation 2.3.6. Let do = d/dS, d\ = d/dBi, ... ,d m = d/dB m denote a dual basis of ^a K lS}/o K 
with respect to dS,dBi, . . . ,dB m ; they also give a dual basis of £lz,-n ,„ for all tjq G (0, 1). For a 

((ft, V)-module £ over TZ^i, these differential operators act on £, commuting with each other and 
commuting with the Frobenius action. 

Notation 2.3.7. For n G [a,j3] C (0, +oo), denote the completion of Fiac(K' (a /t,t/j3)) with 
respect to the ?7-Gauss norm by F'; this does not depend on the choice of a and f3. 

Example 2.3.8. For rj G M>o, the operator norms of dj+ and spectral norms on F' are as follows. 

\ d M -u j € j , i^'i^,sp - 1 p -i /(p -i) j e j 



Definition 2.3.9. Let £ be a V-module over 7£^9,. For rj G [r/o, 1), denote £ v = £ CS-^o F^, which 

inherits differential operators dj+. Define the (non-logarithmic) generic radius (of convergence) 
T(S,r}) of £ n to be 

min<^^— ;jeJ + \. (2.3.10) 

If £ Vt i, i = l,...,n, are the Jordan-Holder factors of £ v as a V-module over F' we define the 
(non-logarithmic) radius multiset S(£,rj) to be the set consisting of the generic radius of £„ j with 
multiplicity dim^ £ v ^ for each i. 



18 



We define the logarithmic generic radius (of convergence) Ti og (£ , 77) to be 




(2.3.11) 



Similarly, we define the logarithmic radius multiset Si og (£, 77) of £. 



Remark 2.3.12. It is worthwhile to mention that T(£,ij) < n, or more generally, every element 
in S(£, rj) is smaller than 77. 

Remark 2.3.13. The logarithmic generic radius and the logarithmic radius multiset are the same 
as the notions of the generic radius of convergence and the radius multiset in |17j . 

Definition 2.3.14. For j € J + , dj is called dominant (resp. log-dominant) for £„ if the minimum 
of T(£, 77) in (I2.3.10P (resp. Ti og (£,77) in (12.3. 11 ) is achieved by the term involving the spectral 
norm of dj. 

Lemma 2.3.15. For a (eft, V) -module £ over VJ^, and j G J + , there exists rj' G (0,1) such that 
one of the following two statements is true: 

• for all 77 € [r]' , 1), dj is (log-) dominant for £„; 

• for all r] £ [t/q, 1), dj is not (log-) dominant for £ rj . 

Proof. The logarithmic part is proved in \17\ Lemma 2.7.5]; the non-logarithmic part can be proved 
verbatim. □ 

Definition 2.3.16. Keep the notation as in previous lemma. For j £ J + , dj is called eventually 
dominant (resp. eventually log-dominant) for £ if it is dominant (resp. log-dominant) for £^ for 
rj -> 1~. 

Lemma 2.3.17. Keep the notation as in Lemma \2.3.15\ Assume that do is not eventually dom- 
inant and dj is. Consider the rotation g* : Bj 1— > Bj + S,Bj\j 1— > Bj\j, and S 1— )■ S given by 
Proposition \2.1.R Then do = d/dS is eventually dominant in g*£. 

Proof. The follows from the fact that the action of do on g*£ is the pull-back of the action of do + dj 
on £. For more details, one may consult the proof of |17} Lemma 2.7.9]. □ 

Remark 2.3.18. The rotation g in the lemma corresponds to changing the isomorphism (|2.1.6p so 
that bj is sent to bj+s instead; such an isomorphism can be obtained by Corollary l2. 1.111 In particu- 
lar, if £ p comes from ap-adic representation p of finite local monodromy by Constructions [2T2.8I and 
12.2.151 9*£p is the differential module associated to the same p using the aforementioned alternative 
isomorphism in place of (|2.1.6p . 

Proposition 2.3.19. The functions f(r) = log T(f , e~ r ) and f\ g{r) = log Ti og (f , e~ r ) on (0, —log 7/0] 
are piecewise linear concave functions with slopes in mn kg; Z, They are linear in a neighborhood of 



Proof. The logarithmic version is proved in [17\ Section 2.5]. The non-logarithmic version can be 
proved verbatim as the only difference is the factor r/ _1 on the spectral norm of do, which gives an 



0. 



extra linear term r. 



□ 
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Definition 2.3.20. As a consequence of the previous proposition, there exists &dif(£) £ Q>o an d 
7/0 G (0, 1) such that T(£ , r/) = r/ bdif ^ for all r/ G [r/o, 1). This 6dif(£) is called the (non-logarithmic) 
differential ramification break of £. We say that £ has uniform slope b if the radius multiset S(£, 77) 
consists only of n b when 77 — >- 1. The logarithmic differential ramification break 6dif,iog(£ ) arid the 
uniformness of log-slope b are defined similarly except having the subscript log everywhere. 

The ramification breaks give rise to the break decomposition. 

Theorem 2.3.21. Let £ be a ((f), V)-module over TZ^,, for some r/o G (0, 1). Then after making ?/o 
sufficiently close to 1~ , there exists a unique decomposition of ((f), V) -modules £ = ©5 6 q >;1 £b (resp. 
£ = ©6 6 q >0 £b,iog) overTZ 7 ^,, where each of £\, (resp. £{,j g) has uniform slope (resp. log-slope) b. 

Proof. Since the differential operators act trivially on O and commute with (f>, It suffices to obtain 
the decomposition of £ as a V-module over A l K , [r/o, 1); the uniqueness of the decomposition of £ 
follows from the uniqueness of that over FL for r/ G [r/o, 1). The logarithmic part of this theorem 
is proved in [17, Theorem 2.7.2]. We will give the proof of the non-logarithmic decomposition by 
applying several lemmas in |17j . 

We need to show that if £ does not have uniform slope > 1 (see Remark 12.3. 121 for the reason of 
having 1 instead of 0), £ is decomposable. If do is eventually dominant, the decomposition theorem 
of Christol-Mebkhout |17[ Lemma 2.7.3] gives the decomposition. If do is not eventually dominant, 
Lemma 12.3.151 implies that dj is eventually dominant for some j G J. By Lemma 12.3.171 do is 
eventually dominant for g*£. Applying the decomposition theorem \17\ Lemma 2.7.3] to g*£ and 
pulling back the decomposition along g^ 1 , we obtain a nontrivial decomposition of £ on TZ^, for 
some r/o G (0, 1). □ 

Proposition 2.3.22. In Theorem \2. 3.211 if the ((f), V) -module £ p is associated to ap-adic represen- 
tation p of finite local monodromy, then the decomposition of ((p,V)-modules induces a direct sum 
decomposition of the representation p so that each of the direct summand of £ p is the differential 
module associated to the direct summand of p. 

Proof. By the slope filtration \17\ Theorem 3.4.6], the Frobenius action on each direct summand of 
£ is of unit-root; the decomposition of the representation follows by [17, Proposition 3.4.4]. □ 

Definition 2.3.23. Let p : — > GL(V^) be a p-adic representation with finite local monodromy. 
Let £ be the differential module corresponding to V p /V p Ik by Constructions [2^2.81 and 12.2. 151 where 
Vp k is the unramified piece of V p consisting of elements in V p which are fixed by By The- 
orem 12.3.211 above, there exists a multiset {a%, . . . , ad} such that for all r/ sufficiently close to 1, 
S(£, rj) = {n ai , ■ ■ ■ , n ad }. Define the differential Artin conductor of £ (resp. p), denoted by Artdif (£) 
(resp. Artdif (p)), to be ai + • • • + a^- The differential Swan conductor of £ (resp. p), Swandif(£) 
(resp. Swandif (p)), is defined similarly by adding the subscript log everywhere. 

Remark 2.3.24. In the above definition, we split off the unramified part because it has both 
conductors 0. The reason of doing so is that the convergence radius multiset cannot distinguish the 
unramified part and the tame part which give different contributions to the Artin conductor. This 
does not matter for Swan conductors and we may define the Swan conductor without first taking 
out the unramified piece. 
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Remark 2.3.25. By [17\ Proposition 2.6.6], the definition of the differential Swan conductors does 
not depend on the choice of the uniformizer s and p-basis {61, . . . , b m , s}. Moreover, we may feel free 
to remove the Hypothesis 12.3.21 and define the differential Swan conductors for arbitrary complete 
discretely valued field of equal characteristic p \17\ Corollary 3.5.7]. The similar statement is also 
true for the differential Artin conductors and the proof is the same as for Swan conductors. 

2.4 Basic properties 

In this subsection, we state some basic properties of differential conductors. We do not impose any 
hypothesis on k. 

Theorem 2.4.1. Differential conductors satisfy the following properties: 

(0) When the residue field is perfect, the differential Artin and Swan conductors are the 
same as the classical ones defined in [21] . 

(1) For any representation p of finite local monodromy, Swandif(p) € Z>q and Artdif(p) € Z>q. 

(2) Let k'/k be a tamely ramified extension of ramification degree e' . Let p be a representation 
of Gk of finite local monodromy and let p' denote the restriction of p to Gk'. Then Swan^if (p 1 ) = 
e' ■ Swandif(p). If e' = 1, i.e., k'/k is unramified, Artdif(p') = Artdif(p). 

(3) Let p be a faithful p-adic representation of the Galois group of a Galois extension l/k. If 
l/k is tamely ramified and not unramified, &dif(p) = 1 an d ^dif log(p) =0. If l/k is unramified, 
bdif(p) = &dif,log(/>) = 0. 

(4) Put G® = Gk and Gi = Ik for a € (0,1]. For a > 1, let R a be the set of finite image 
representations p with differential ramification breaks less than a. Define = flpG-R a (-^fc ^ ker(p)) 
and write G? for the closure of Uf, >a Gf,. This defines a differential filtration on Gk such that for 
all finite image representation p, p(G^) is trivial if and only if p € R a . 

Similarly, put G® iog = G^. For a > 0, let R a ,\og be the set of finite image representations p 
with logarithmic differential ramification breaks less than a. Define G%, log = Dpeii [ (^fc nker(p)) 
and write for the closure of Ub> a G b k log . This defines a differential logarithmic filtration on 

Gk such that for all finite image representation p, p{G^ log ) is trivial if and only if p G R a ,\og- 

Moreover, 

f a^Q 
1 an abelian group killed by p a € Q 

f a^Q 
\ an abelian group killed by p a € Q 

Proof. For (0), see |16^ Theorem 5.23]. 

For the rest of the statements, the proof for Swan conductors can be found in [T7J Section 3.5]; 
we will only prove the corresponding properties for differential Artin conductors. As in the proof 
for the differential Swan conductors, we may first reduce to the case when Hypothesis 12.3.21 holds. 

(1) The proof goes the same as [17\ Theorem 2.8.2] because we have the decomposition Theorem 
12.3.211 An alternative proof is to apply Lemma 12.3.171 and reduce to the case when do is dominant 
(see also Remark 12 .3. 18j) : then one can forget about di,...,d m and hence reduce to the perfect 
residue field case which is statement (0) of the theorem. 

(2) Since an unramified extension l/k only changes the field K but not the uniformizer s, we 
can use the same s as the uniformizer of /. The corresponding differential module 6 p i of p' is just 



fora>0, G a k /Gp- = 
fora>l,Gt >log /G a + og = 
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a simple extension of scalar. Since the calculation of spectral norms does not depend on the base 
field (Remark l2.3,5p . we compute the same result on spectral norms and hence have the same Artin 
conductor. 

(3) is an immediate consequence of the Swan case. But be careful that the differential ramifi- 
cation breaks can not distinguish unramified extensions from tamely ramified extensions (see also 
Remark EX24]). 

(4) The proof for the non-logarithmic differential filtration is much simpler than the logarithmic 
case because of the different normalization in the Definition 12.3.91 In virtue of the proof of |17[ 
Theorem 3.5.13], it suffices to show that we can do some rotation so that <9o becomes dominant; 
this is exactly the content of Lemma 12.3.171 □ 

Remark 2.4.2. The converse of (3) is a well-known and well-accepted fact for experts. However, 
we are unable to find good references to support a proof. As it will become an easy consequence 
of the comparison Theorem 14.4.11 and properties of arithmetic ramification conductors (Proposi- 
tion [4?L7^6)), we do not state it here. 

Remark 2.4.3. Note that the invariance of the differential conductors under unramified base 
changes enables us to assume that ko is algebraically closed. This justifies the assumption we made 
in Notation 12X21 

3 Thickening techniques 

In this section, we introduce a thickening technique. Vaguely speaking, it is to construct a rea- 
sonable object which can be thought of as a tubular neighborhood of the "diagonal embedding 
of A^- [770,1) into A l K [770,1) xr ■^kVioAY' ■ Be careful that the latter rigid space is not really 
well-defined. 

We first start with a geometric interpretation of this construction and then move on to the 
abstract definition of the thickening space. 

We keep the Hypothesis 12.3.21 throughout this section. 

Notation 3.0.1. For a G (0, +00), let A^[0,a] (resp. A^[0,a)) denote the polydisc (resp. open 
polydisc) with radius a (centered at the origin). Let K(u%/a, . . . , u m /ot) denote the ring of analytic 
functions on the disc -Aj^ [0, a]. 

Later, we will see many homomorphisms between rings of functions on iC-rigid spaces which are 
only iTo-linear. It is unfair to say that they induce morphisms of rigid spaces; however, we prefer 
to keep some geometric flavor of the whole construction. On the other hand, these rigid spaces are 
all quasi-Stein or affinoid; knowing the ring of analytic functions is equivalent to knowing the rigid 
spaces. 

Notation 3.0.2. For a continuous homomorphism f*:A^B between affinoid or Frechet algebras 
(not necessarily respecting the ground field K), we write formally / : Max(B) — > Max(A), as the 
geometric incarnation of the homomorphism. Pullbacks along maps and Cartesian diagrams are 
thought of as (completed) tensor products. (In fact, in all cases we encounter, we do not need 
to take the completion for the tensor products.) In short, whenever such a map is given, strictly 
speaking, we should view it as a continuous ring homomorphism. 
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3.1 Geometric thickening 



In this subsection, we describe the thickening technique when the residue field can be realized 
as the field of rational functions on a smooth K -variety. The purpose of this subsection is solely to 
provide some geometric intuition of the thickening construction in the next subsection; the content 
in this subsection will not be used in the rest of this paper. 

Hypothesis 3.1.1. Only in this subsection, we assume that the field is a finite separable 
extension of Kofix, . . . , b m ). 

Construction 3.1.2. Let X be a smooth variety over kq whose field of rational functions is 
such an X exists because we may realize it an affine scheme etale over SpecKo[&i> . . . ,b m ] which 
induces the extension Kk/Ko(bi, • • • , b m ). We may further shrink X so that it is the special fiber of 
an affine smooth formal scheme X over Ok of topological finite type, i.e. X Xspio Ko Spec^o = X. 
We may further shrink X and X so that we have lifts B\ , . . . , B m of b\ , . . . , b m on X and that 
dB\, . . . ,dB m form a basis of the sheaf of relative differentials ^x/o K ' ^ e use ^° denote the 
"generic fiber" of X as a rigid space over Sp(Ko), in the sense of Raynaud; it is affinoid. 
Consider the following commutative diagram 



P 



X 



V 



£ xspfe^o A* 



X 



xxj( 4jo,i] 



Spec Ko *~ Spf0ft- o ■< Sp(Ko) 

where the vertical arrows from the first row to the second row are all embeddings of zero sections 
and the coordinates of Aj. Q and A^ are denoted by s and S, respectively. 

The tube of X in P, denoted by ]X[p, is isomorphic to X x A K [0, 1). Let Ox be the ring of 
rigid analytic functions on X; then K is exactly the p-adic completion of FracOx- If we base change 
the tube ]X[p from X over to K, we get Ak[0,l). We are interested in the annulus A X K [770, 1) for 
some 770 £ (0, 1), which can be obtained by base changing X x A^ [rjo, 1) from X to K. 

Now, we consider the thickening space of this annulus A^[t]q, 1). 

Construction 3.1.3. Consider the following commutative diagram 

X c P ( Ap > ^x so PC ^ V x V * P Xjfo P 




Spec Kq >■ SpfOx ■* Sp(-fiTo) 

where we use pr^ : V x o Kq V ^ V to denote the projection to the i-th factor for i = 1,2. 
Then V xq k V has a set of local parameter given by B\ = pr|(i?i ),..., B m = pr*(B m ),S = 
prJ(5),Bi =p4(Bi),...,B' m = pr* 2 (B m ),S' = pr|(5). By Berthelot's Fibration Theorem 
THEORFME 1.3.2], we have an isomorphism 

}X[ PXo ^]X[ v x Ko A^+%l), 
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where the factor ]X[p respects the projection pr 1 and the coordinates for the open polydisc on 
the right hand side are given by 5o = S — S' ,5\ = B\ — B[, . . . , 5 m = B m — B' m . The geometric 
thickening space is the subspace of ]X[p Xc>K j> where |<$o| = \S — S'\ < \S\, or more precisely, 

X x Ko {(S,5 ) e A 2 Ko [0,l)\\5 \ < x Ko Af [0,l). 
Thus, the thickening space, denoted by TS^ V0 , of A^-f^o, 1) is the space obtained by base changing 
Xx Ko {(3,8 )eA 2 Ko [0,l)\\S\> V0 ,\S \ < \S\} x Ko A% o [0,l). 

from X to K. 

The projection pr x : P x^ P — >■ P gives a K-morphism of rigid spaces ir : TSj: m —> A\ [770, 1); 
the projection pr 2 : P Xk P — > P gives a ETo-morphism of rigid spaces tt : TS^ V0 — > A\ [7/0, 1). 
The morphism tt does not respect the -KT-rigid space structure; one should always think of tt as the 
ring homomorphism between the corresponding ring of analytic functions. In our notation earlier, 
it is just the geometric incarnation of the map on ring of global sections. 

3.2 General thickening construction 

In this subsection, we introduce the thickening spaces and study basic properties of differential 
modules over them. 

We keep Hypothesis 12.3.21 in this subsection. Note that Hypothesis 13.1.11 is no longer in force 
from now on. 

Definition 3.2.1. For 77 € (0, 1), we write Z k = A^ [r/, r/]. For a € Q>i and 770 G (0, 1), we define 
the thickening space (of A^fryo, 1) and level a) to be the rigid space over K: 

TS a,> V0 = {( S ,8o,...,8 m ) G A™ +2 [0,1)||S| > no;\8j\ < \S\ a for j € J+}. (3.2.2) 

For 77 € [770, 1), we put 

TS a k « = A 1 K [r ) ,r ) ]x K A%+ 1 [0,r l % 

Similarly, for a G Q>o and 770 G (0, 1), we define the log-thickening space (of Ai-^o, 1) and level 
a) to be 

TS tfoT = {(S,8o, ...,S m )e A™ +2 [0, 1)||,S| > 770; |£ | < |S| 0+1 ; \6,\ < \S\ a for j G J}. (3.2.3) 
For 77 G [770 , 1), denote 

TS a k % g = A^n] x K A 1 K [Q,r ] a + 1 } x K Af[0, V a ]. 
We use O a ,> vo , TS a,n, O a ,> vo , and TS a,v to denote the ring of analytic functions on the 

1 b k k 1 O felog fc.log 

corresponding spaces, respectively. 

Let I • \ z v denote the 77-Gauss norm on ZQ. For a G Q>i, let | • \Ts a >i denote the Gauss norm 
on TS k ' v ; for a > 0, let | • \ts^ denote the Gauss norm on TS k 'y og . 

The union of all TSl'~ V0 is the TSf™ we discussed in Construction [3TTT31 
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Caution 3.2.4. One may want to write TS^- V0 = U^i) a k[v, 1) x K ^ +1 [0, r/ a ] for simplicity 
as in the introduction. However, this will not define the same rigid space as in (I3.2,2|) . because the 
union does not give an admissible cover of TS^'- V0 . Similar expression for log-thickening space is 
not valid either. Nevertheless, it might be helpful to think the space and picture the geometry this 
way. 

On the other hand, it is true that an element of KlS, So, . . . , S m } lies in O a ,> vo (resp. 

k 

O „a,> Vo ) if and only if it has bounded norms for all I • \ TS a, v (resp. I ■ Its' 1 ' 11 ) f° r an V ^ bio, !)• 

1 b k,log k Mog 

Remark 3.2.5. We need a G Q in Definition 13.2.11 to make sure that (|3.2.2p and (j3.2.3[) actually 
define a (Berkovich) rigid analytic space. For individual TS^ and TS^'^s, one may just take 

Notation 3.2.6. For a G Q>i (resp. a G Q>o) and 770 G (0, 1), denote the natural embedding of 
Z} 110 into the locus where 6j = for j G J+ by A : Zf* TS%- m (resp. A : Zf m T5jg°). 

Also, we have the naive projection tt : TS^'- Vo — > Z^ Vo (resp. it : TS^^ — > Z^ Vo ) by projecting 
to the first factor. These morphisms are compatible when changing a and 770, or replacing > 770 by 
77 for some 77 G [770, 1). 

To simplify notation, for a and 770 as above, we identify O > vo as a subring of O a ,> vo and of 

k k 

O c a,>r, via tt*; same for 77 instead of > t/q. It is worthwhile to point out that tt* is an isometry; 
hence the identification will not change any calculation on norms. 

Proposition 3.2.7. We have a unique continuous O ' K -homomorphism tt* : Or-IiS] — > Ok\S, o~j+} 
such that tt*(S) = S + 5o and n*(Bj) = Bj + 5j for all j G J. Moreover, for g G Ok, ^*(g) — 9 G 

Proof. It follows from Corollary 12.1.101 immediately. □ 

Theorem 3.2.8. For a G Q>i (resp. a G Q>oJ and rjo G (0,1), the homomorphism tt* induces 
a Ko-homomorphism tt* : O > Vo = Tl v £ — > O a ,> vo (resp. tt* : O >,, — > O a ,> vo ) such that 

Z k lb k Z k 1 5 fc,log 

A* o tt* = id; same if replacing > 770 by rj for some rj G [770, 1). 
For any g G O z v and for a > 1 (resp. a > 0), 

k 

\n*(g) - 9\ts^ v ^ r ? a ~ 1 • \a\zl ( res P- ~ 9\tS%% s ^ V a ■ \9\zl )• (3.2.9) 

In particular, \tt* (g)\ TS a,n = \tt* {g)\xs a ' r > = \g\z n ■ Moreover, we have the following bound for 



TS%": ifge O z n Pi Ok \S\ , then 



fc.log 



\t*(g)-g\ T s^ <v a - (3.2.10) 



Proof. We need only to establish the bound on the norms. Let g = J2iez e such that 

\g\z v < +00, we have 

k 

n*(g)-g = J2{^^i)(S+5 ) i -a i S i ) = Y, ~ *H S + + ai((S + So)* -&)) . (3.2.11) 

Since 7r*(aj) - a* G (<5i, . . . , £ m )(ai)<9jic[£i, . . . , S m j, we have 

|7r(aj) — ai\rpga, v < |ai|77 a , \Tt(ai) — ai\ TS a,v < |aj|77 a . (3.2.12) 



25 



Moreover, we can bound (S + 5qY — S l by 



\(S + So) i -S i L q a, v <ri ttrH ~ 1 , \(S + 5 y - S l L qa , v < v a+l . (3.2.13) 

Plugging the estimates (13.2.121) and (|3.2.13p into (13. 2. Ill) , we obtain fl3^9j) . When g € O k [5], 
(I3.2.13P always gives |(S + <5o)* — £ l | T5 a,», < r/ a for i > (when z = 0, we have zero); the equation 
(13.2.101) follows. 

Finally, the equalities \7r*(g)\ TS a,v = | vr* (5) Its' 1 ' 77 = \d\z v ensures that we have well-defined 

k fc,log k 

continuous homomorphisms fr* : O > vo — > O a ,> vo or O a ,> vo . □ 

Z k lb k 1 5 fe,log 

Notation 3.2.14. We use % : TS^'- 110 z} vo and f : TS^'g Z^ to denote the geometric 
incarnations of the homomorphisms fr* constructed in Theorem I3.2.8} same for n in place of > i]o 
when 7] £ [t]q,1). To emphasize again, whenever we refer to fr, strictly speaking, we are referring 
to the corresponding homomorphism fr* on rings. 

Remark 3.2.15. For a > 0, one can factor the map fr for non-log thickening space as TS? + ' _7?0 — > 

-^fe'iog ^ m 1 where the second map is the fr for the log-thickening space. Again, this should 
be thought of as factorization for ring homomorphisms. 

Notation 3.2.16. For a V-module (^,V^) over Z^ vo relative to Kq, we call tt*£ the thickened 
differential module of £, denoted by T . We view J 7 as a differential module over TSl'- V0 or TS^^° 

relative to Z^ m , with respect to the differential operators d/d5o, ■ ■ ■ , d/d5 m . In precise terms, the 
connection is given by 

T = £ O TS a,> V0 — ► £ ® ^ z >v 0/Ko TS *,>m 

— > £ 0^0^ ^ s a,>, 0/iCo 

in the nonlog case and the log case is obtained similarly, with subscript log at appropriate places. 
Moreover, this construction is compatible for different a's and ryo's. 

The following proposition links the spectral norms on £ and the spectral norms on its thickening 

F. 



Proposition 3.2.17. Let rj G [7/0, 1). The spectral norms of dj+ on £„ over Zji and the spectral 
norms of d/d5j+ on T a ^ r] = T ® Frac(0 T 5«,>7) A and T a ^ V) \ oz = T ® Fra^C^^ ) A are related as 
follows. 

\d/d5 3 \^ sp = maxl^l^p^-^-V } ,3£J + ; 
\d/9So\T a , v , los , Bp = m^Hdols^p- 1 ^- 1 ^-*- 1 }, 
|9/^b Mik ,p = maxd^l^.sp,^ 1 ^-!)^} , je J. 

Proof. Note that Tf*(dBj) = dBj + dSj for j € J and Tf*(dS) = dS + dSo. The actions of d/d5j, 
j £ J (resp. j = 0), on T a ^ and T a ,r),\og are the same as the action of d/dBj (resp. d/dS) on £ r) . 



26 



More precisely, we have n*(d/dS(x)) = d/d5o(TT*(x)) and TT*{d/dBj(x)) = d/d5j{ir*{x)) for any 
j G J and x G 7^ or £' J) . 

The statement follows from the facts that <5j are transcendental over O z v and the homomor- 
phism 7r* is isometric (via Theorem I3.2.8j) . □ 

3.3 Good generators of the extension 

In this subsection, we first show that when l/k is totally and wildly ramified, we can choose nice 
generators of 0\ as an C^-algebra, so that the corresponding extension on the Robba rings takes a 
simple form. Then, we give a more explicit construction of the differential module associated to a 
p-adic representation. 

We keep Hypothesis 12.3.21 for this subsection. Moreover, we impose the following. 

Hypothesis 3.3.1. For the rest of this section, we assume that l/k is a finite totally and wildly 
ramified Galois extension. 

Remark 3.3.2. This is a mild hypothesis as both arithmetic and differential conductors behave 
well under unramified extensions and the tamely ramified case is well-known (see Theorem 12.4.1 ( 3) 
and Proposition 14. 1 ,7f 6) ) . 

Notation 3.3.3. Let I be as above, and let Guf, denote the Galois group of l/k. Denote the ring 
of integers and the residue field of I by 0\ and ki, respectively. Given a uniformizer t of I, we fix a 
non-canonical isomorphism — L For a p-basis cj of ki, we use cj to denote the image of cj 

under this isomorphism; we may use the same index set J because «j/ is a finite extension. 

Let Ol be the Cohen ring of k\ with respect to cj and let Cj be the canonical lifts of cj. Set 
L = FracC L . 

Caution 3.3.4. The residue field extension Ki/nk is typically not separable and hence cannot be 
embedded into the extension I = Ki((t)) over k = «fc((s)). 

The reader may skip the following construction and remark when reading the paper first time, 
as they are not the key of the theory. The upshot is that we need some "good" generators and 
relations of 0\ as an O^-algebra. 

Construction 3.3.5. We may temporarily drop the finiteness Hypothesis 12.3.21 on p-basis for 
this construction. Let ko = with p-basis (bj)j^j. By possibly rearranging the indexing in bj, 
we will inductively construct a "good" p-basis (cj) Jg j of K[ and kj = Kk(c%, . . . , c~j) with p-basis 
|ci, . . . , Cj,bj\ii t so that k m = Ki for m sufficiently large. 

Assume that we have constructed kj_i. Let rj be the unique integer such that K\ C k^_ x but 

K i ^ kj-i • If rj = 0, we must have k,--i = ki\ in this case, we set c a = b a and r a = for all 
a € J\{1, • • • , j — 1} and stop the induction. Otherwise we assume that rj > 0. Take Cj to be any 

— r j + 1 Tj 

element in Kj\kJ_ 1 and let kj = kj_i(cj). Then (f- € and [kj : kj_i] = p Tj . There must 
exist one element in &j\{i ) ... ) j_i} such that the rest together with c\, . . . ,cj form a p-basis of kj. 
We assume that this element is bj by re-indexing & This finishes the induction. 

From the induction, one can see that rj form a decreasing sequence of nonnegative integers. 
But we do not need this fact. 
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Since ni/nk is finite, the above construction ensures that Cj 6 k£ for j € J\Jo with Jo = 
{1, . . . , m} a finite subset. By the functoriality of p-basis (Corollary 12. 1.1 IT) , we may change the 
isomorphism Ki((t)) ~ I so that Cj\ Jo are sent to elements in O^ . Let cj denote the images of cj 
under the above isomorphism. 

As a consequence, c\, . . . , c m and t generate 0\ over O^. More precisely, 

{cj J f | ej € {0, . . . ,p rj - 1} for j = 1, ... , m, and i G {0, . . . , e - 1}} 

form a basis of 0\ as a finite free O^-module. They also form a basis of / as a fc-vector space. 

Remark 3.3.6. It is attractive to hope that we can find ap-basis (bj)j^j of k& so that k\ = Kkitfj ) 
for some rj € Z>o- This however is false in general, as pointed out to the author by Shun Ohkubo. 
In fact, Sweedler |22j studied this phenomenon and called the above case modular. He also gave 
the following non-modular example \22\ Example 1.1]. 

Let kq be a perfect field of characteristic p and let X, Y, Z be indeterminants. Let Kk = 
Ko(X p ,Y p , Z p2 ) and ki = Kk(Z, XY + Z). Then [ki : kiDk^ ] = p 2 and [k/PIk^ : Kk] = P- Hence, 
K i/ K k cannot be modular. 

Now, we continue to assume Hypothesis 12.3.21 

Notation 3.3.7. For a nonarchimedean ring R, we use R{uq, . . . ,u m ) to denote the completion of 
R[uq, . . . ,u m ] with respect to the natural topology induced from R. When R = F is a complete 
nonarchimedean field, F{uq, . . . , u m ) is the ring of analytic functions on the unit polydisc ^4™ +1 [0, 1]. 

Notation 3.3.8. Let Ok{uo, . . . ,u m }/I — > Oi be the homomorphism sending no to t and Uj to Cj 
for j € J. We choose a set of generators po, ■ ■ ■ ,Pm of X as follow: for t e or each , one can write 
it in terms of the basis of Oi over Ok listed in Construction [373751 This will give us an element po 
or pj in 1. Obviously, po, ■ ■ ■ ,Pm generate 1. Moreover, 

Po e u e Q - ds + (u s,s 2 ) ■ O k [u , . . . ,u m ]; 

pj e u p - - bj + (u ,s) ■ O k [u , . . . ,Um], for j = 1, . . . ,m, 

where bj is a polynomial in u±, . . . , Uj—i with coefficients in O k and with degree on Uji strictly 
smaller than p r j' for j' = 1, . . . ,j — 1, and d € Ok[uj] such that D(ci, . . . , c m ) G Denote bj to 
be the reduction of bj in k^ui, . . . , Uj-{\. 

Remark 3.3.9. It was pointed out to the author by Shun Ohkubo that introducing t) is necessary. 
In general, one may not be able to find uniformizers s and t of k and /, respectively, such that 
t e = smodt e+1 Oi. Ohkubo provided the following counterexample. Although we do not know if 
there is a counterexample for which L/K is Galois, we still try to avoid this restriction. 

Example 3.3.10. Let k be a complete discretely valued field with non-perfect residue field n^. 
Let b £ Ok be such that b € Choose a, (3 € K as follows: let a be a root of the polynomial 

X p + sX + b € k[X] and /3 a root of the polynomial Y p + sY + sa 6 k(a)[Y]. Denote / = k(a, j3). 
Then l/k is a separable extension of degree p 2 with naive ramification degree p. The ring of 
integers of k(a) and k(a,/3) are Ok[a] and Ok[a, f3], respectively. We claim that we cannot choose 
uniformizers t and s so that t p /s = lmodtrtj. 
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It is clear that /3 is a uniformizer of I. For any uniformizer t oil, 
In particular, t p /s is not congruent to 1 modulo rty. 

Remark 3.3.11. It is generally false that po, . . . ,p m generate Ker (O^uq, . . . , u m ] — > Oi); this will 
not matter since we take a > and a > 1 in Definition 13.2.11 

Construction 3.3.12. For each j G J, fix an element in Ol[TJ lifting bj G Ok C K^t} for j G J 
and fix an element in T e + T e+1 C?k[[T]] lifting s G Ok C «j[t]. By Proposition 12.1.51 there exists 
a continuous homomorphism /* : C; sending £?j and S 1 to the elements chosen above; it 

naturally restricts to /* : O k {S] O l {T\. 

The proof of the following lemma is not enlightening. The reader may skip it when reading the 
paper for the first time. The upshot is that we can turn the "good" generators and relations of 0\ 

l/e 

as an O^-algebra into "good" generators and relations of TZ^ as an TZ^ -algebra. 

Lemma 3.3.13. Keep the notation as above. 

(1) The homomorphism f* is finite, and C\, . . . ,C m and T generate Ol^TJ over Ok\S\. Hence, 
f* induces a surjective map Ok{SJ(Uo, . . . , U m ) -» OlPI sending U$ to T and Uj to Cj for j G J. 
Moreover, one can choose generators Pq, . . . , P m of the kernel so that, modulo p, they are exactly 
pj+ in Notation \3.3.8[ In particular, 

Po G U^-DS + (p,U S,S 2 )-O K lSj(U ,...,U m ), 
Pj G U pJ -^ j + (jp,U ,S)-O K lSl{U Q ,...,U m ), 

where 03 j is a polynomial in Ui, . . . , with coefficients in Ok and with degree on Uji strictly 
smaller than p r i' for j' = 1, . . . ,j — 1, and D G Ok[Uj] lifts d. Moreover, {Uj J j^ | < eo < e; < 
e 3 < p'\j G J) form a basis of O k \S\(U q , U m )/(P J+ ) over O k {S]. 

(2) The map f* extends to a map f* : K(rj/S, S/rf) — > L(j] l l e /T,T '/r/ 1 / 6 ) for n G [0,1). Thus 

l/e 

f* extends by continuity to a homomorphism f* : TZ 7 ^ — > 1Z£ , or in geometric notation, f : 
A K [ m , 1) ^ Al[ V l /e ,l) for w £ (0,1). 

(3) Let T K and T^ L be the integral Robba rings over K and L, respectively, similarly constructed 
as in Construction \2.2.8\ but without tensoring with F. Let TZl be the Robba ring over L as in 
Notation \2.2.13\ Then T^ L is a finite etale extension of T K with Galois group Gi /k . Moreover, 

1 K 

(4) For some 770 G (0,1), A^Jt/q , 1) is Galois etale over 77 G [770, 1) via f* with Galois group 

l/e 

Gi/k- Hence, IZ^ becomes a regular Gi/^-representation over TZ 1 ^ via f*. 

Proof. (1) is equivalent to its mod p version, which is exactly Construction [373751 

(2) It suffices to prove that /* is continuous respecting the norms | • \ z v on Ck and | • | i/ e on Q, 

for all rj G [770,1). Since f*(0 K ) G O l \T\ and /* (5) G T^T^C^T], we have \g\ z[ , = \f*(g)\ w / e 

for any g G Ck- Hence the map /* extends continuously to /* : K(n/S,S/rj) — >■ ^(r/ 1 / 6 /T,T /r] 1 ^). 
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(3) The first statement follows from Lemma 12.2.101 The second statement is true because 
® r t TZk is complete and dense in TZl- 

l/e 

(4) It follows from (2) and (3) since TZk (resp. TZl) is a limit of TZ 7 ^ (resp. TZ L ° ). □ 

l/e 

Remark 3.3.14. The homomorphism /* does not respect the naive i^-algebra structure on TZ L ° ; 

l/e 

this is precisely because of Caution l3.3.41 But it respects the i^-algebra structure on TZ L ° induced 

by O k ^ O k {SJ 4 O l {T\. So, it might be better not to view zf^'* -> Z^ m as a morphism 
between rigid spaces, but the geometric incarnation of /*. 

Construction 3.3.15. Keep the notation as in Construction [2T2 .151 Let p : Gi/k — > GL(V p ) be a 
p-adic representation, where V p is a finite dimensional vector space over F. We have 

s p = D\ P ) ® rl ^ = (y p ® f f ) Gfe ®rt ^ = ( y p ®z 9 r[) G ' /fc ® r t f ft* = (y p ® z? ^ L ) G; / fc . 



Hence, for some tjq € (0, 1), the differential module £ p descents to 



£ P = [v P ®z q f*o 1/B 



Gi/k 



this is a differential module over ®q F = TZ 1 ^, relative to Kq. This construction respect tensor 
products, i.e., given another p-adic representation p 1 of Gi/^ over F, we have 

£p®p t = £p £p' 

Hypothesis 3.3.16. From now on, we always assume that rjo € (0, 1) is close enough to 1~ so that 
all statements in Lemma 13.3.131 hold and £ p descents to TZ 1 ^, . 

3.4 Spectral norms and connected components of thickening spaces 

In this subsection, we relate the spectral norms of differential operators on £ to the connected 
components of certain rigid spaces. 

We keep Hypotheses 12.3.21 13.3. H and 13.3.161 in this subsection. 



Definition 3.4.1. Let a G Q>i- We define 

L , 

J l/k - 1 ^k 



O Ts a,> V0 - TZ L ° ® f * !V V0 ^ O Ts a,> V0 



l/e 

O a ,> vo = O a ,> vo ®-, n m> t* TZl 

1 °k\l °k ' K <■> 



l/e l/e 



Here we do not have to complete the tensor products because /* is finite. (We intentionally put the 
tensor products on different sides so that it is easy to distinguish the two base changes by /* through 



30 



7r* and tt* respectively.) Let TS^ V0 , TS^{j m , and TS^j^ denote the geometric incarnations of 
these rings respectively. We have formally the following Cartesian diagram. 



Z 



>V 
I 

f 

>V0 



l/e 1X7T 



rpQa,>TI0 
1 °l/k 



ix f 



rp qa,>T]0 
1 °l/k\l 



rp nO,>l) 

k\l 



(3.4.2) 



We make similar constructions for the logarithmic version of all spaces if a € 



!?>0- 



Remark 3.4.3. The morphisms ir and 1 x / are genuine morphisms between rigid spaces over 



Z^- Vo and / and 1 x tt are genuine morphisms between rigid spaces over Z{~'' ; this is because the 
rigid space structures on thickening spaces are given by the projection tt and lxir, respectively. In 
contrast, all the vertical arrows in (|3.4.2p should all be thought of as just geometric incarnations 
for the corresponding ring homomorphisms. 

Remark 3.4.4. The naive base change / x 1 helps to realize geometric connected components 
as connected components (see Theorem 13.4. 12|) . The base change / (and also 1 x /) encodes the 
ramification information, which is what we are interested in. 



l/e 



Remark 3.4.5. One may want to relate TS^j^ to the thickening space of Zf~' 10 . However, it is 
not clear how to compare the levels or radii of the two spaces. We do not need this result in our 
paper. 

Corollary 3.4.6. The space TS^j^ admits an action of Gi/f. by morphisms between K -rigid 



l/e 



spaces, obtained by pulling back the action on Z 



>% 1/e 



over Z^° via tv o (/ x 1). Under this action, 



f*0 a ,> vo is a regular representation of Gi/k over O a ,> vo . For ap-adic representation p of Gi/k 



T ^l/k\l 

over F, define 



l/k 



F, 



n ~ (Vp <8)Q fl f*O Ts a,>r, ) Gl/k ; 



a,>Vo 
l/k 



this is a differential module over TS t 

f p ^(fX l)*TV*S p . 

The same statement also holds for log-space. 
Proof. The differential module structure on f*O t 
homomorphisms 



J l/k\l 

>n 1/e 

Xq ? F relative to Z, Xq ? F. Moreover, we have 



1 



is given by the composition of natural 



f*Orp q a,>V0 

1 °i/k\i 



TS 



a,>7)g 
l/k 



1 °!/fe\i 



n 1 



TS\ 



a / ,'-''° / zf v ° 



l/e 



(In fact this construction works for any finite etale morphisms.) The statement of the corollary is an 
easy consequence of flat base change for the two Cartesian squares on the right in Diagram (|3.4,2p . 

□ 
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l/e 

Notation 3.4.7. We may view 1 x tt : TS*™ — V as bundles, whose fibers are polydiscs (of 

different radii) with parameters 5q, . . . ,5 m ; again this morphism is a genuine morphism between 
rigid spaces. By zero section Z, we mean the natural closed subspace of this bundle defined by 
<5o = 0, . . . ,S m = 0. 

Notation 3.4.8. Let M be a differential module over a differential ring R with derivatives d±, . . . , d n . 
For x G M and n, . . . , r n G R, we define the Taylor series 



T(x;5!,...A;ri,...,r n )= £ ^ ^ ^-(rr) 



ai,...,a n eZ>o 



if it converges. If x G -R, we have T(ax; <9i, . . . , d n ; ri, . . . , r n ) = T(a; <9i, . . . , d n ; r±, . . . , r n ) ■ 
T(x; di, . . . , <9 ra ; n, . . . , r n ) if all terms converge. 

Notation 3.4.9. Let M be a differential module over a differential ring i? with derivatives d±, . . . , d n . 
We denote H^(R, M) = {x G M | = 0, i = 1, . . . , n} to be the set of horizontal sections of M 
over ii. In particular, if r±, . . . , r n G R be elements such that di(rj) = 1 if i = j and otherwise, 
then an elementary calculation shows that the Taylor series T(x; di, . . . , d n ; r±, . . . , r n ) is an element 
in H^(R, M) for any x G M such that the Taylor series converges. 

We usually use the geometric counterparts in places of R and M in the notation, e.g., we write 
H^(M&x(R),M) if R is an affinoid algebra. 

The following lemma is known as the Dwork's transfer theorem, which will be frequently used 
in proving the theorem below. It works in greater generality, but we content ourselves with this 
special case. 

> > ^ e 

Lemma 3.4.10 (Dwork). Let a > 1. Let T be a differential module over TS^ m relative to Zf % . 
Assume \d/d5i\p < p -1 /^ -1 )^ - " for all j G J and n G [r/o,l). Then for any rational number 

l/e 

c> a, the natural homomorphism of finite TZ V ^ -modules 

6 : H$(TSffi°,F) ^r(Z,T\ z ) (3.4.11) 

> l/e 

is an isomorphism. In particular, J 7 is a trivial V -module relative to Zf V ° . The same statement 

is also true if we base change everything to F overQ q . Moreover, when F = f*O a ,> V0 , induces 

lb i/k\i 

a ring homomorphism for any rational number c > a 

r (z, f .o TS ^ | J 4- h§ (r^f °, uo t& )^t(ts^,o, 



l/k\l / \ -I" \- J l/k\l 



The same statements hold for the log version with a > and inserting subscript log appropri- 
ately. 

Proof. The proof for the log version goes verbatim the same, except inserting subscript log appro- 
priately and for the e>o coordinate, increasing the exponents on n by 1. The proof for the tensor F 
version goes word by word the same except we need to tensor F everywhere. 
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Now, we prove the lemma for the nonlog case over Q„. In fact we may define an inverse of to 
the map using Taylor series: 

6 _1 (a;) = T(x;d/dS , . . . ,d/dS m ;5 , . . .,5 m ) 

for x G r(Z, J-\z), where x is a lift of x in V {T , J-) . The Taylor series converges over TS^j^ V0 

by the condition |<9/<9<5i|^ < p^VCp- 1 )^-" < p-VlP -1 )^— c for all j E J and 77 € [770, 1). Moreover, 

the Taylor series converges to a horizontal section in [TS^ m , J- ) . 

When T = /*£> „ ,>J7 , is a homomorphism, which can be also seen from the fact that Taylor 
lb i/k\i 

series gives a ring homomorphism of rings (see Notation I3.4.8j) . □ 

The following theorem is one of the key steps of the proof of Hasse-Arf theorem. This is the main 
ingredient (a) described in the introduction. It allows us to compare the differential ramification 
breaks with the geometric connected components of the thickening spaces; we will later identify 
the thickening spaces with the lifts of the Abbes-Saito spaces (Theorem 14. 3. 6p . 

Theorem 3.4.12. Let p : Gu^ —> GL(V P ) be a faithful p-adic representation over F with l/k 
satisfying the Hypotheses \2.3.^ and \3.3.1\ Then, for b > 1, the following conditions are equivalent: 

(1) p has differential ramification break < b. 

(2) For any rational number c > b, when 770 — > V~ , T = T p is a trivial V -module over 
TS t/k m x Q q F Native to Zf V °° x Qq F. 

c,>Vo 



(3) For any rational number c > b, when T70 — >■ 1 ? TSy^P° has exactly [I : k] connected 
components. 

(4) For any rational number c > b, when t]q — > 1~, Zj7 x > i/e TSy-jff has exactly [I : k] 

connected components for some finite extension V /I, where e' is the naive ramification degree of 
I'/k. 

Also, the similar conditions for logarithmic spaces are equivalent provided that b > 0. 

Proof. We will only prove the statement for the non-logarithmic spaces and the statement for the 
logarithmic spaces can be proved completely in the same way by adding the subscript log and 
changing the scales on do and d/dSo from rf 3 to n b+1 and rf to rj c+1 . 

We make a general remark that the Proposition 13.2.171 is unchanged if we replace J 7 by J 7 as 
the spectral norms are invariant under scalar extensions. 

We first prove the equivalence between (1) and (2). We first assume (1) p has differential 
ramification break < b. By Definition 12.3.201 for 770 sufficiently close to 1~, the generic radius 
of £ p satisfies T(£ p ,rj) > rf for 77 € [770,1), or equivalently \dj\s sp < p^ l /^ l )j]^ b for any j € 
J + and 77 6 [770,1). Then Proposition 13.2. lTl and Remark 12.3.51 imply that for all 77 £ [770,1), 
\d/ddj\-p b sp < p _1 /( p_1 )77 _b , and hence T p is a trivial differential module over TS^ m Xq 9 F 

> l/e 

relative to x<Q q F for any rational number c > b by Dwork's transfer Lemma 13.4.101 This 
proves (2). 

> > 1/e 

Now, we assume (2), i.e., T p is trivial over TS^jf 10 XQ q F relative to Zf xq ? f for any 

rational number c > b and some 770 € (0, 1). It follows that \d/8Sj\^ = \d/ddj |Frac(e> c ,^) A ,sp = 

C, V ,SP TS l/ k 



33 



p- 1 /(p- 1 ) r j- c _ By Proposition I3.2.1TI \dj\ sp ^ v < p^VCp- 1 )^-^ for any j G J + , J] G [770, 1), and 
c € Q>fe- By Definition 12.3.201 this implies that the differential ramification break < b, as rational 
numbers are dense in the real numbers. 

Obviously, (3)=>(2). To see the converse, we first claim that for any rational number c > b, 

> > x l" 

f*0 c,> vo is a trivial differential module over TSfjr 110 relative to Zr . Indeed, for a rational 

number c' G (6, c), we know that T p is a trivial differential module over TS^'jr V0 Xq q F relative to 

Zf V ° Xq q F, then for any n G N, J 7 ®" is also a trivial differential module (relative to Z^ n ° XQ q F), 
which corresponds to V® n by functoriality (Construction [3~.3. 15f> . By Lemma 13.4.161 below from 
the theory of representations of finite groups (or standard Tannakian arguments), the differential 
module 

(F[G l/k ] f*0 ',> V0 ) Gl/k ^ F Q? f*0 >,> vo (3.4.13) 



J l/k\l ' "l/k\l 



corresponding to the regular representation is a direct summand of a direct sum of some J-® n, s and 

hence is a trivial differential module (relative to Zj Xq 5 F). To make it perfectly rigorous, here 
the isomorphism (13.4. 13p of differential modules is given by ^2 g£ Q t k fg <8> gv 1 — > f • v, where f G F 

and v G f*(D c,> vo ] this map does not respect the -FfGWJ-module structures. We would have 

lb i/k\i 

finished the proof of the claim if F = Q p . If F 7^ Q p , we observe that know that, for all j G J + , 
the spectral norms of d/ddj at radius r\ on the right hand side of ()3.4.13p are p — VCp -1 )^ -0 , which 
equal the spectral norms of d/d5j on f*0 Q ^,> Vo at radius rj. By Dwork's transfer Lemma f3.4.10( 

we finish the proof of the claim. 

We now apply the second part of Lemma 13.4. 101 and obtain, for any rational numbers c' > c, a 
ring homomorphism 



r(z,/,o. 



,>V0 
1 D l/fe\i 



^(^f^.0 r ^,>J ^ r(T5^°,0 TsC , >, ). (3.4.14) 



The key is that the left hand side of (I3.4.14P is isomorphic to the ring functions on Zr x > vo 



z k 

>r7 1/e >77 1/e 

Z l because the restrictions of fr and 7r to Z are both the same as /. Moreover, since Z l is 

1/e ^ 1/e ^ 1/e 

finite etale Galois over Zr Vo (Lemma l3.3.13p . Zr x > vo Zr = \J aeG Zr . In particular, 

Zj , y i/k 

we have fundamental idempotent elements in T I Z, f^O c ',> vo ) corresponding to each connected 

^ TS i/'k\i z/ 

components. Via the composition of the homomorphisms in (|3.4.14p . we can "lift" the idempotent 

> 1//e > ' > 

elements on Zr x > vo Zr to idempotent elements in O c / >„, . This shows that TS'Iv.t,'' 

z fe TS i/k\i 1 v 

has at least [/ : A;] connected components. But this space is finite and flat of degree [/ : &;] over an 

irreducible rigid space TS^'^ ; it can have at most [I : k] connected components. Therefore, (3) 
holds. 

The equivalence between (2) and (4) can be proved similarly, using a version of Lemma 13.4.101 

over Z,,° . The upshot here is that we need base change to at least Zr in (3) so that we can 
split the fiber over Z; this is why we did not state the theorem for TS^ Vo and T themselves. □ 
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Remark 3.4.15. The faithfulness condition on p in the theorem is harmless as we will very easily 
reduce to this case later in the proof of Theorem 14.4.11 

Lemma 3.4.16. Let G be a finite group and F be a field of characteristic 0. Let p : G — » GL(V^>) 
be a faithful representation over F . Then the regular representation F[G] is a direct summand of a 
direct sum of some self-tensor products ofV p . 

This is an easy exercise of finite group representations but we do not know a good reference. 
The author would like to thank Xuhua He for providing the following proof. 

Proof. Let x be the character of V p and let d be the dimension of V p . Since the representation is 
injective, x(l) = d and x(q) d for all g € G nontrivial. (This is because all the eigenvalues of 
p(g) are roots of unity and cannot all be 1.) 

Therefore, for each g / 1 there exists a polynomial P g in x with integer coefficients such that 
P g (x{g)) = but P g {d) ^ 0. Let P = Ui^ g eG P 9 and then P ( d ) + but P(x(g)) = for all 
g 7^ 1. Moreover, by multiplying a constant, we may assume that #G divides P(d) and P (d) > 0. 
If P(X) = a n X n + ... + QQ 6 Z[X], then (V® n )® a " • • • V® ai l^ a ° = F[G] P ^/# G in the 
Grothendieck group of the representations of G, where 1 p denote the trivial representation. As a 
consequence, if we take the direct sum of terms on the left hand side with positive aj, the regular 
representation will be a natural direct summand of it. □ 

4 Arithmetic ramification filtrations 

4.1 Review of Abbes and Saito's definition 

We briefly review the definition of arithmetic ramification filtrations on the Galois group of a 
complete discretely valued field k. For more details, one can consult OH]- The filtrations can be 
defined for k of mixed characteristic; however, for the purpose of this paper, we focus on the case 
k is of equal characteristic p > 0. 

In this subsection, we do not assume any hypothesis we have been using in previous sections. 

Notation 4.1.1. Keep the notation as in previous sections. Fix uniformizers s and t for k and I, 
respectively. Let V[(-) be the valuation on I normalized so that vi(t) = 1. Denote 9 = \s\. 

Notation 4.1.2. In this subsection, we temporarily free j and J from the notational restraint 
(Notation l'2.3.3|) . But in later application, we will specialize to the case in which j and J actually 
index p-bases. 

Definition 4.1.3. Take Z = (zj)j^j C Oi to be a finite set of elements generating Oi as an Ok- 
algebra, i.e., Ok[{uj)j e j]/l — > 0\ mapping Uj to Zj for j € J = {1, . . . , m} and for some appropriate 
ideal X. Let (/i)i=i,..., n be a finite set of generators of X. For a G Q>o, define the (non-logarithmic) 
Abbes-Saito space to be 

as? /ktZ = {(u 1 ,...,u m )eAf[0,l] | \fi(uj)\ <6 a ,l <i<n}. (4.1.4) 

We denote the geometric connected components (see [9j 9.1.4/8] for definition) of as^ k z by 
T^° m (asfi kZ ). The arithmetic ramification break b ar (l/k) is defined to be the minimal number b 
such that for any a > 6, #^o C ° m ( as //fc z) = ^ : 
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Definition 4.1.5. Keep the notation as above. We single out a subset P C Z and assume that P 
and hence Z contain the uniformizer t. For each j G J, let ej = vi(zj). Take a lift gj G Ok[{uj)j^j] 
of Zj/s e i for each zj G P, and take a lift /ijj G 0fc[(itj)j e j] of z e f / ' for each pair (zi,zj) G P x P. 
For a € Q>o, define the logarithmic Abbes-Saito space to be 



™i/k,io S ,z,p={MeAf[0,l} 



\fi(uj)\<0 a , l<i<n 
\u e j - s e igj | < 6 a+e > for all zj G P 

- < a+e ^/ e for all Zj) G P x P 



Similarly, the logarithmic arithmetic ramification break b ar ^\ og {l/k) is defined to be the minimal 
number b such that for any a > b, ^^Q eom (as^ k log z p ) = [I : k]. 

Remark 4.1.6. To ease the readers who are not familiar with Abbes and Saito's definition, we 
give an intuitive way to understand the definition following |3j. 

First, if a — > oo, the conditions on fi, ■ ■ ■ , f n in fl4.1.4|) basically restrict the possible uj to 
be very close to zj or other solutions to the equations f\ = 0, . . . , f n = 0, which are exactly 
Galois conjugates of zj. Thus, one may believe that asf^ k z has exactly [I : k] geometric connected 
components, each of which looks like a small "polydisc" centered at one of the solutions. In contrast, 
if a — > + , the conditions on fi , . . . , f n are almost vacuum and a,sf^ k z is almost the whole unit 
polydisc. In particular, the space is likely to be geometrically connected. From the two extreme 
cases, we know that, when we increase a, the Abbes-Saito space shrinks from a whole unit polydisc 
to smaller polydiscs and, at some a, a bigger polydisc breaks apart into several smaller polydiscs. 
The arithmetic ramification break captures the last break point. 

We reproduce several statements from [3] and [4j. 

Proposition 4.1.7. The Abbes-Saito spaces have the following properties. 

(1) For a > 0, the spaces as^ k z and as ///% i og ^ p do not depend on the choice of generators 
{fi)i=i,...,n of I and lifts gj and hij for i, j G P [3j Section 3]. 

(1') // in the definition of both Abbes-Saito spaces, we choose polynomials {fi)i=i n as a se ^ 
of generators of Ker (Ok{(uj)j^j) — > Oi) instead of Ker (Ok[(uj)j e j\ — > Oi), the spaces will not 
change. 

(2) If we substitute in another pair of generating sets Z and P satisfying the same properties, 
then we have a canonical bisection on the sets of the geometric connected components 7TQ eom (aSy k z ) 
and 7r o C ° m ( as //fc log z p) f or different generating sets, where a > 0. In particular, both highest 
arithmetic ramification breaks are well-defined [31 Section 3]. 

(3) The highest arithmetic ramification break (resp. highest logarithmic arithmetic ramification 
break) gives rise to a filtration on the Galois group Gk consisting of normal subgroups Fil a Gfc (resp., 
Fil^gGfcj for a > such that b ar {l/k) = inf{a|Fil a G fc C G{\ (resp. b ar ^ og {l/k) = inf{a|Filf og Gi. C 
Gi}) Theorems 3.3 and 3.11]. Moreover, for l/k a finite Galois extension, both arithmetic 
ramification breaks are rational numbers Theorems 3.8 and 3.16]. 

(4) Let k'/k be an algebraic extension of complete discretely valued fields or the completion of 
such an extension. If k'/k is unramified, then Fil a Gfc/ = FiPGfc for a > [3, Proposition 3.7]. 
// k'/k is tamely ramified with ramification index e' , then Filf gGfc/ = Fil^ g Gfc for a > 
Proposition 3.15]. More generally, for a (not necessarily algebraic) extension k'/k of complete 
discretely valued fields with the same valued group and linearly independent from l/k such that 
Oik' = Ok' ®o k we have b ar (lk' /k') = b ar (l/k) and b art \ og (lk' /k') = b arj \ og (l/k) [1] Lemme 2.1.5]. 
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(5) For a>0, define Fil a+ G fc = U b>a Fil b G k and FilgG* = Ufe >a Filf og G fc . Then, the subquo- 
tients Fil a Gfc/Fil a+ Gfc are abelian p-groups if a € Q>i and are if a £ Q (|3l Theorem 3.8] and 
[H Theorem 1]); the subquotients Filf og Gfc/Fil" gGfc are elementary abelian p-groups if a £ Q>o and 
are if a ^ Q ([31 Theorem 3.16] and [20, Theorem 1.3.3]). 

(6) The inertia subgroup is FiPGfc if a € (0, 1] and the wild inertia subgroup is Fil 1+ Gfc = 
Fil^+Gfc [31 Theorem 3.7, 3.15]. 

(7) When the residue field Kf. is perfect, the arithmetic ramification filtrations agree with the 
classical upper numbered filtrations in the following way: Yi\ a Gk = Filj^Gfc = Gal^ -1 for a > 1 
[31 Section 6.1], where Gal^ is the classical upper numbered filtration on G^- 

Proof. For the convenience of readers, we point out some ingredients of the proof. For details, one 
can consult original papers. 

(1) is straightforward by matching up points. 

(1') is not in any literature. However, it can be proved verbatim as (1). 

(2) One can show that if we add a new (dummy) generator in Z or P, the new Abbes-Saito 
space admits a fibration over the original Abbes-Saito space whose fibers are closed discs of radius 

e a . 

(3) The first statement is just abstract non-sense. The second one is essentially because Abbes- 
Saito spaces are defined over k and the geometric connect components can be detected over the 
algebraic closure A; alg , which has valued group \k x j 1 ^. However, realizing this principle needs formal 
models of rigid spaces. As we will reprove this result in the main theorem, we refer to the original 
paper for the formal model proof. 

(4) When Oiy — Oi ®o k Cfc', one can match up the non-logarithmic Abbes-Saito space for 
Ik' jk! and the extension of scalar of that for Ik' jk' in a natural way. Actually, the logarithmic 
ramification break is not considered in [H Lemme 2.1.5], but the proof carries over similarly. In the 
tamely ramified and the logarithmic case, one can also identify two logarithmic Abbes-Saito spaces 
[31 Proposition 9.8]; it is slightly more complicated. 

(5) The proof used the formal models of the Abbes-Saito spaces and their stable reductions, 
which is in an orthogonal direction of the present paper. One may consult [4] and [20] for a complete 
treatment. 

(6) is an easy fact. 

(7) follows from an explicit calculation in monogenic case. □ 

Remark 4.1.8. To avoid confusion, we point out that in the proof of our main Theorem 14.4.11 we 
do not need (5) and the second statement of (3) on the rationality of the breaks in the proposition 
above. Therefore, we can obtain these properties from the properties of differential conductors in 
Theorem 12. 4. II via the comparison Theorem 14.4.11 

Definition 4.1.9. Let p : G^ —> GL(V P ) be a representation of finite local monodromy. Define the 

arithmetic Artin and Swan conductors as 

Art ar (p) ^ £ a.dim(lf iia+G V^ FiiaGfc ), (4-1.10) 

a£Q> 

Swan ar (p) d ^ f Yl a-dim{V^ Gk /V^ Gk ). (4.1.11) 

a£Q>o 

They are actually finite sums. 
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Conjecture 4.1.12. (Hasse-Arf Theorem) Let k be a complete discretely valued field of equal char- 
acteristic p. For any representation p of Gt of finite local monodromy, the arithmetic conductors 
are nonnegative integers, namely, Art ar (p) G Z>o and Sw&n ar (p) G Z>o- 

Proposition 4.1.13. Conjecture \4-l-l~£\ is true if the residue field kj, is perfect. 

Proof. By Proposition 14. 1.7T 8) . we are reduced to the classical Hasse-Arf theorem \21\ §VI.2 The- 
orem 1' and §IV.2 Corollary 3]. Note that in this case, Swan ar (p) = Art ar ( / o) — dim V p /Vp k . □ 

We will prove the Conj ecture 14 . 1 . 1 21 in Corollary 14.4.31 



4.2 Standard Abbes-Saito spaces and their lifts 

In practice, we only study Abbes-Saito spaces which are given by some particular generators. We 
explicitly write down spaces and their lifts in the sense of Section 1. 

In this subsection, we retrieve Hypotheses 12.3.21 and 13.3. H assuming that k has finite p-basis 
and the extension l/k\s totally and wildly ramified. Also, we retrieve Notation 12.3.31 on indexing 
p-basis. 

Construction 4.2.1. We take Z = {c\, . . . ,c m ,t} to be the set of generators of Oi/Ok given by 
Construction ^ . 3751 (Maybe some of them are already in the field k, but we still keep those.) We take 
P = {t}. By Proposition 14.1.71 1'). we can take the relations to be po, . . . ,p m from Notation 13.3.81 
For a G Q>o, we define the standard Abbes-Saito spaces as 



as 



l/k 



,u m )e^ +1 [0,l] | \po(u j+ )\< 



a s 



l/k,log 



{{uo, 

{(uo,...,u m ) eA™ +1 [0,l] | |po(« J+ )| 



< 



3C2+1 



Let Pj+ be the lifts of pj+ as in Lemma 13.3.131 For a G 
lifting Abbes-Saito spaces to be 



,\Pm(u J+ )\<e a } 

\pi(uj + )\<e a ,...,\p m ( Uj+ )\<e a }. 

>o and 7/0 G (0,1), we define the 



A qa,>r]o 
AO l/k,loB 



(U J+ ,S)eA™ +2 [0,1] 



(U J+ ,S)eA™ +2 [0,l} 



T]0 <\S\<1 

\P6(U J+ ,S)\ < \S\ a ,...,\P m (U J+ ,S)\ < \s\ a 

V0 <\S\ < 1, \P (U J+ ,S)\ < \S\ a+1 , 
\Pi(U J+ ,S)\ < \S\ a ,...,\P m (U J+ ,S)\ < \s\ a 



they are viewed as rigid spaces over Z 



Lemma 4.2.2. Let k'/k be a finite Galois extension of naive ramification degree e' . Lf we identify 
Ck as a subring of Cy as in Construction \3. 3.12\ we may view Pj+ as polynomials in Uj+ with 
coefficients in Ok'IS'J, where K' is the fraction field of the Cohen ring of and S' is a lift of the 
uniformizer s' in k! . Then, for ijq G (0, 1) and a G Q>o, we have 



>n 1/e> 
L k' 



x z >mi 

k 



^ 1/=' 

Z- Vo x ^ Aqa,>no 




S') G A™+ 2 



0,1] 



% /e ' < \s'\ < i 

l-Pnl < \S'\ e ' a ,. 



Pm, I ^ I S 



f\e'a 



S') G^™+ 2 [0, 1] 



l/e' 

\Pl\ < \S'\ e ' a ,...,\P n 



r/ ' < \S'\ < 1, [P | < |ST >+1) , 

< \S'\ e ' a 
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Proof. The only thing not obvious is that we replace \Pj\ < |S| a ^ +1 ^ by \Pj\ < \S'\ e ' a ( +e '^ ; this is 
because \S\ = \S'\ e as proved in Lemma 13.3.13( 2). □ 

Remark 4.2.3. Note that Z^ Vo -> Z%° is not a morphism between rigid spaces for the same 

> 1/e' 

reason explained in Remark 13.3.141 So, strictly speaking, the Zjj x ^>vo ASfif and the log 
counterpart should be thought of as the geometric incarnations of the tensor products of the 
corresponding ring of analytic functions. The new spaces are, however, well-defined rigid analytic 

. 1/e' 

spaces over Z k , . 

Theorem 4.2.4. For a G Q>o, there is a one-to-one correspondence between the geometric con- 
nected components of as^ k « s and the following limit of connected components: 

iim nm tt iz fc , x >„ Ab „ fc( t } 

where e' is the naive ramification degree of k'/k and the second limit only takes t]o G p (q, 1). 

n > 1/e ' 

Proof. By Lemma 14.2.21 and Example II. 3. 41 when e'a G Z, ^ x^a^o ^i/k(iog) * s a lining space 
of as "/^n g)" ^ ne theorem then follows from Corollary 11.2.121 □ 

Remark 4.2.5. Here, we need rjo G H (0, 1) because Corollary 1 1 . 2 . 1 2 1 r eq uires it. 

Remark 4.2.6. Introducing this ramified extension k'/k to make e'a G Z may not be essential, 
but it eases the proof. 

4.3 Comparison of rigid spaces 

In this subsection, we will prove that the lifting Abbes-Saito spaces are isomorphic to some thick- 
ening spaces we constructed in Subsection 13.41 In this subsection, we continue to assume Hypothe- 
ses and EXD 

Before proving the comparison theorem, we need to closely analyze Construction 13.3.51 and give 
a new view of tt* using differentials. However, the proofs of the following two lemmas are not so 
enlightening in this generality; the reader may skip them when reading the paper for the first time, 
but see Remark 14.3.51 



Lemma 4.3.1. Modulo p, the homomorphism tt* gives a continuous homomorphism tt* : — > 
Kk{5jj. For g G K k , we can write dg = gidbi H h g m db m in ^ fc / F • Then tt* (g) = g + g x 5x + 

^g m 5 m modulo (5j) 2 ■ kkISj}- 

Proof. Use the p-basis to express g (uniquely) as g = Y^~/=o^j^ e j f° r some °ej £ ^k- Thus, 
dg = YZ7=o d ejd(b e /). On the other hand, vf*(<?) = Ee7=o«ej(&j + <5j) ej modulo (5j) p • k k 15j}. 
The statement follows by simply comparing the two formulas. □ 

Remark 4.3.2. The analogous result for tt* is true. Actually, tt* is the Taylor expansion homo- 
morphism (see |171 Definition 2.2.2]). 
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Lemma 4.3.3. Keep the notation as in Section \3. 31 We have 

'0(7T*(Pi)-Pi) 



det 



e(0 K lS}(U J+ )/(P J+ )) x = (0 1 

j+=° 



85 j h,jeJ+ 
In particular, the corresponding matrix is invertible. 

Proof. It is enough to prove that the matrix is of full rank modulo (p, T). First, modulo {p, T), the 

v 7 



first row will be all zero except the first element which is fl(ci, . . . ,c m ) G nf . Hence, we need only 



to look at 



'd(7T*(P)-P)\ „ - f d(n\b t ) >., M 

1. mod(p,T,5j+) = — mod(Mj+) (4.3.4) 



Let a« € k; denote the entries in the matrix on the right hand side of (|4.3.4[) . where we identify 
Ok(uj+) /(pj+ , uq) — > k;. Under this identification, bj will become * for all i G J. It suffices to 
show that the i-th row is fq-linearly independent from the first i — 1 rows for all i. If we write 



p r o-l p r *-i-l 
ei=0 ei_i=0 



where A ei ,...,ej_i G K k f° r which (iA ei) ... ) ej_ 1 — Mei,...,ei_i,l 

d6i + • • • + He 1 ,...,e^ 1 ,m,db m , then by 

Lemma 14.3. 1 1 

aiid&i H h<5j m d6 m = ^ ••■ y~] c^ 1 •••^L"i 1 (/Z ei ,..., ei _ 1 ,id6iH h ju ei) ..., e< _ :L , m d& m ) 

ei=0 ei_i=0 

= <i(c? l ) modulo (t/ci, . . . , dcj_i) 

in O. 1 /K , ; it is in fact nontrivial because dci , . . . , <ic m form a basis of ™, and hence there 
should not be any auxiliary relation among dc\, . . . ,dc~i in ^./F • But we know that the sums 
cti'idbi + • • • + ai' m db m for i' < i all lie in the submodule of , F generated by dc\, . . . , dc\-\. 
Hence the z-th row of the matrix in (|4.3.4j) is (kj-i-)linearly independent from the first i — 1 rows. 
The lemma follows. □ 

Remark 4.3.5. When Ki/k^ is modular in the sense of [22], we can choose the p-basis of Kk so 
that = bj\ in that case, the above lemma is much easier to prove because the matrix, modulo 
(p,T), is lower triangular with 1 on the diagonal. However, this may not be the case in general; 
see also Remark 13.3.61 

Theorem 4.3.6. There exists t]q G (0, 1) such that for any a G Q>i and any r]o G (max{p~ 1//a , rj' Q }, 1), 
there exists an isomorphism of rigid spaces over Z^ Vo : 

TSffi ~AS?jf V0 . (4.3.7) 

Similarly, There exists rj' G (0, 1) such that for any a G Q>o and any r/o G (max{p _1 / a , t/q}, 1), 
there exists an isomorphism of rigid spaces over Z^ no : 

TS a k $Z - AS^ g . (4.3.8) 
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Proof. We will give the proof for the log-spaces and make changes for the non-log spaces when 
necessary. The proofs in two cases will be almost the same except that when constructing the 
morphism X2i we have slightly different approximations. We will match up the ring of functions on 
the two rigid spaces in (|4X8]l (resp. (jO?7]) ). Fix an r/ G (p' 1 ' -,!) satisfying Hypothesis EXTFJ 
(r/ is given by the conditions in Hypothesis 13.3.161 ) 

Recall that = H'lUS- a - 1 5 , S- a Sj) (resp. Tqa ,> m = K T £(S- a 5 J +}). For each 



J k 



j G J + , Tr*(Pj) is the polynomial Pj with coefficients replaced by their pull-backs to O a ,> vo 
(resp. O TS a,> V0 ) via n*. So the ring of functions on TS^y° s (resp. TS^ V0 ) is 

^i,io g = n^(s- a - l s , s- a 5j){u J+ )/{^{p J+ )) 

(resp. Tl x = 7l%(S- a 8 J+ )(U J+ )/(n*(P J+ )) ). ^> 

By Lemma 13.3.13( 1). 

r{p 3 ) g uf + (p,u ,s,5 ) ■ o K i8j + ,s}[u J+ ], 

r(P ) G [/ e -r(D)S-,5o + (p,C/o5,5 2 ,^o,^o,5o 2 )-^^J+^l^ J+ ], 
Thus, we can view T^i i og (resp. Hi) as a finite free module over O a ,> vo (resp. O a ,> vo ) with 

J ^log J °k 

basis < eo < e; < ej < p rj , j G J}. For each r/ G [t/o,1), we provide T^iog (resp. 7l\) 

the following norm: for g = Yl ^e J+ Uji + with X £j+ G T5 a,> TO (resp. A e/+ G TS a,>,, o ), summed 
over eo = 0, . . . , e — 1 and e 3 - = 0, . . . ,p r ^ — 1 for j G J, we define 

Iskwog,*) = max{|A e | TS a,j, • r/ e ° /e } (resp. I^,,, = max{|A e \ TS *» ■ 7/ eo/e } ). 

It is clear that TZi : \ og (resp. Hi) is the Frechet completion for the norms | • \n 1 log ,r] (resp. | • |-^, lfl ) 
for all 7] G [rjo, 1). 

On the other hand, by the definition of AS^^^ (resp. AS^'^ 110 ), its ring of functions is 

^2,io g = 7Z^(S- a - 1 V ,S- a Vj)(Uj + )/(P J+ -V J+ ) 
(resp. K 2 = K^{S- a Vj + )(Uj + )/(Pj + - V J+ ) ), 

which is clearly a finite free module over 

Wlog = Kf{Vvh a+ \ Vj/rj a ) (resp. W = TZ^(V J+ / V a ) ) 

with basis {C/J| + | < eo < e; < ej < p Tj ,j G J}. Similarly, for rj G [t]q,1), we provide 7?-2,iog 
(resp. H2) with the following norm: for g = Yl^e J+ Uyi + with X ej+ G W\ og (resp. A ej+ G W) 
summed over eo = 0, . . . , e — 1 and ej = 0, . . . ,p Tj — 1 for j G J, we define 

\9\n 2 ,i os ,v = max{|A 6j+ \ Wlog • rf o/e } (resp. \g\n 2 ,v = max{|A 6j+ \ w ■ rj eo/e } ). 
e j+ e j+ 

It is clear that 7?-2,iog (resp. H2) is the Frechet completion for the norms | • |^ 21og) r? (resp. | • \n 2 ,rt) 
for all 77 G [7/o,l). 
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We will identify Uj+ in different rings but the Vj+ will not be same as 5j+. Be caution that 
the two norms will not be the same under the identification, but they will give the same topology. 

Now, we define a continuous if-homomorphism xi '■ ^2,log — > 7£i,log (resp. xi '■ ^2 — > T^l) so 
that Xi(S) = S, Xi{Uj) = Uj, Xi(Vj) = Pj(Uj+) for all j G J + . We need only to check that for 
any 77 G [770,1), 



\xi(Vj)\n Uog ,v < 



0+1 



3 = 



(resp. 1x1(^)1^,1, < t, Vj G J H 



(4.3.10) 



Here we need separate arguments for logarithmic case and non-logarithmic case. In the logarithmic 
case, Inequality (13.2.90 tells us \Pj — fr* (i^) lo „,77 < V a \Pj\T^2iog,v ^ or 3 ^ °^ + > wmcn exactly gives 
the bound in (|4.3. 10|) because \Po\tz 2 i os ,v — V an< ^ l-fjl^a i og ,v < 1 for j G J by Lemma r3.3.13f 1). 
In the non-logarithmic case, combining Lemma 13.3.13( 1) and inequality (13.2,101) . one has \Pj — 
n*(Pj)h u r, < V a for j G J+; Inequality (I4.3.10|) follows. 

Conversely, we will define a continuous K-homomorphism xi '■ ^l.iog — > 7^2,iog (resp. X2 ■ 
1Z\ — > IZ2) as the inverse to xi- Obviously, we need X2{S) = 3, X2{Uj) = Uj for all j G J + . The 
only thing not clear is X2^j) for all j G J + . 

By Lemma 14.3.31 let 



A := 



d(^(p,)-p t ; 



G GL m+1 (0 L [Tl) - GL m+1 (O if l5l(C/ J+ )/(P J+ )). 



Let A 1 denote the (m + 1) x (m + 1) matrix whose entries are in the free O^JS'] -module generated 
by the basis in Lemma T3, 3. 13( 1) and whose image in M rn+ i(OK\S\(Uj+)/{Pj+)) is the inverse of 
A. Thus, 

A' 1 - A- IE Mat m+1 ((5 J+ ) • K lSj(U J+ )), (4.3.11) 
where I is the (m + 1) x (m + 1) identity matrix. Now, we write 
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(4.3.12) 

the last term is just — A~ l ■ Xi(Vj+). We need to bound the first two terms. 

By (|4.3.1ip . / — A" 1 A has norm < if . Hence, in the non-logarithmic case, the first term in 
(|4.3.12p has norm < 77 2a ; in the logarithmic case the first term in (|4.3. 12 j) has norm < ?7 2a , except 
for the first row, which has norm < r/ 2a+1 . By the definition of A and Theorem 13.2.81 the second 
term in (|4.3. 12[) has norm < 7] 2a in the non-logarithmic case; it has norm < 77 2a in the logarithmic 
case, except for the first row, which has norm < 77 2a+1 . 

Since we want X2 to be the inverse of xi, we define recursively by 
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where A j+ denotes the sum of the first two terms in (|4.3. 12 j) . Since A j+ have strictly smaller norms 
than 5j+ and Aj+ are in the ideal (Sj+), one can plug the image of X2{§j+) back into X2(Aj+) 



42 



and iterate this substitution. This iteration will converge to the values of x(^j+)> as an element in 
7^2,iog (resp. 7^2)- Moreover, from the construction, one can see that 

|X2(^)ki < V a , for all j G J+,7? G [r? , 1), 
IX2(«Jo)ki ltog < ?? a+1 and |X2(*i)ki ltoB < V a for all j G J,n G 1). 

Hence, if we define X 2 : ^ (S^" 1 ^, (t/j+) ^ ^2,io g (resp. X 2 : K r g(S- a 5j + )(U J+ ) -> 7£ 2 ) 

such that X2 (iij+) = Uj+ and X2 (5j+) to be the limit we obtained above; this gives a continuous 
homomorphism. We will check that this homomorphism factors through 7£i,iog (resp. Tl\). Indeed, 
by the recursive formula (|4.3.13p which is (|4.3.12p after applying X 2, we see exactly that 

( n*(P )-P v / V \ , v 

W i -A- ; U : 

V TT*(P m )-P m ' \V m J 

We know that A~ 1 has invertible image in GL m j r \{OK\S\{Uj+ /(Pj+)), and hence is invertible over 
K 1:los (resp. Tlx). We must have = X2^*(Pj) - Pj) + Vj = X2^*{Pj)) + Vj - Pj = X2^*(P j )) 
for all j G J + . This proves that \2 factors through 72-i iog (resp. Tlx). 

Finally, we claim that X2 and Xi are inverse to each other. One may check this from the 
definition directly. Alternatively, we observe that, by our definition, they are inverse to each other 
on a dense subset K[S,uj+], the polynomial ring inside the Frechet algebras; and therefore, they 
have to be inverse to each other and give an isomorphism between the ring of functions on Abbes- 
Saito space and the ring of functions on thickening space. □ 

Remark 4.3.14. The isomorphisms constructed in Theorem 14.3.61 are canonical in the sense that 
they match up Uj+ on the both sides. However, slight perturbations of the isomorphisms will 
continue to be isomorphic. This point will be important when studying the mixed characteristic 
case. 



4.4 Comparison of conductors 

In this subsection, we will prove the comparison between the arithmetic conductors and the differ- 
ential conductors. As a reminder, we do not impose Hypotheses 12.3.21 and [373TT1 in this subsection. 

Theorem 4.4.1. Let k be a complete discretely valued field of equal characteristic p > and let 
Gk be its absolute Galois group. For a p-adic representation p : G^ — > GL(V p ) of finite local 
monodromy, the arithmetic Artin conductor Art or (p) of p coincides with the differential Artin 
conductor Artdif (p); the arithmetic Swan conductor Swan ar (/o) coincides with the differential Swan 
conductor Swan^f (p). 

Proof. It suffices to prove for irreducible representations, as all the conductors are additive. Since 
all the conductors remain the same if we pass to the completion of the unramified closure of k 
(Proposition I4.1.7T 4). Theorem 12.4.1( 2)). we may assume that the residue field k& is separably 
closed; hence p factors through the Galois group of a finite totally ramified extension l/k as p : 
Gk -» G&l(l/k) <-)■ GL(V p ) with the second map injective. Moreover, we may assume that l/k is 
wildly ramified because the theorem is known when l/k is tamely ramified (Proposition I4.17/T 6) 
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and Theorem 12.4.1( 3)). To sum up, we may assume Hypothesis 13.3.11 In particular, b ar {l/k) > 1 
and b ar> \ og (l/k) > 0. 

Next, we want to reduce to the case when the p-basis of k is finite. By Construction I3.3.5[ 
one can choose p-basis of / so that all but finitely many of them are actually in k. Let (cj)j g / be a 
subset of those elements in the p-basis which lie in k. Denote k = k{cj v ,i 6 I,n £ N) A and I = Ik. 
We claim that 0~ x = Oi <g>e> fe O^. Indeed, after base change to k, the valued groups do not change: 
\k x \ = \k x \. Thus, [|/ x | : \k x \] > [\l x \ : \k x \]. On the other hand, the residue field extension of 
l/k has degree at least the same as ki/ku because cj\j are not in the residue field of k. But we 
know that the degree of the extension does not increase. Therefore, we have equality on both naive 
ramification degrees and degrees of residue field extension. It is then clear that Oj = Oi ®o k 
as the right hand side contains the uniformizer of the left hand side and both sides are isomorphic 
modulo that uniformizer. Therefore, by Proposition 14 . 1 . 7T 4) . b ar (l/k) = b ar {l/k). 

On the differential conductors side, [17J Lemma 3.5.4] (the non-log case follows by similar 
argument) shows that we can consider only finitely many elements in the p-basis and the differential 
conductors are unchanged after making inseparable field extension with respect to other elements 
in the p-basis. 

To sum up, we can make an inseparable extension so that all conductors do not change, and 
we are reduced to the case where Hypothesis 12.3.21 holds. 

Now, we will prove the comparison theorem for the Swan conductors and the proof for the 
Artin conductors follows verbatim, except replacing Swan by Art and a > by a > 1 and dropping 
all the log's in the subscripts. 

Since p is irreducible, Swan ar (p) = b ar ^\ og {l/k) ■ dimV^. Recall that in Subsection 12.31 we can 
associate to p a differential module £ p over TZ V ^ ®Q q F for some r/o £ (0, 1). As the representation p 
is irreducible, £ p has a unique ramification break b^a jog 

(£ p ). So the differential Swan conductor of 
p is Swandif(p) = &dif,iog(£p) • dimV^. Therefore, to conclude, it suffices to show that b art \ og (l/k) = 

frdif.log (£p)- 

This follows from the following equivalence relations. 
a > &dif,io g (£p) 

for any (or some) extension l'/l with nai've ramification degree e', 

^{Zf ^ x^ /e TS^ log ) =[l:k] when m -+ 1" (Theorem E332 (1)^(4)) 

7rf om K /Mog ) = [I : k] (Theorem MM 
< ^=> a > b arj i os (l/k), 

where a is a rational number. □ 

Remark 4.4.2. In an early version of this paper, Theorem 14.4. II is stated for representations with 
finite image. Andrea Pulita pointed out that this could be extended to the finite local monodromy 
case by a standard argument as in the proof. 

Corollary 4.4.3. (1) (Hasse-Arf Theorem) Let k be a complete discretely valued field of equal 
characteristic p > 0, let be its absolute Galois group, and let p : G^ —> GL(V P ) be a p-adic 
representation of finite local monodromy. Then the arithmetic Artin conductor Axt ar (p) and the 
arithmetic Swan conductor Sw&n ar (p) are integers. 
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(2) Let k be a complete discretely valued field of equal characteristic p > 0. Then the sub- 
quotients Fil a Gfc/Fil a+ Gfc (resp. Filf og Gf./Fil^Gf.) of the arithmetic ramification filtrations are 
elementary p-abelian groups if a € Q>i (resp. a £ Q>oj and are trivial if a ^ Q. 

Proof. It follows from Theorems 12.4,11 and 14.4.11 □ 

5 Applications 

In this section, we give two applications of the comparison Theorem l4.4.1i The first one is to deduce 
an integrality result concerning the ramification filtration of finite flat group schemes, introduced 
in pp. The other one is to compare the arithmetic and differential Artin conductors to the Artin 
conductor defined by Borger [8]. 

Remark 5.0.1. It is worthwhile to point out first that all applications in this section can be carried 
over to the mixed characteristic case if there is a good theory of differential conductors. For the 
application to finite flat group schemes, one needs the Hasse-Arf theorem of arithmetic Artin con- 
ductors; for the comparison with Borger's Artin conductor, one needs a mixed characteristic version 
of Proposition 15.4.11 In the absence of these statements, we only focus on the equal characteristic 
p case throughout this section. 

5.1 Hasse-Arf theorem for finite fiat group schemes 

We first recall some definitions and basic properties from [lj and [13J. Then, we use a theorem by 
Raynaud [7, Theorem 3.1.1] to reduce the integrality result to the case of finite Galois extension of 
complete discretely valued fields. 

Keep the notation as in previous sections. We do not assume any hypothesis on k (and there 
will be no I in this subsection). 

Convention 5.1.1. All finite flat groups schemes are commutative. 

The construction of the canonical filtration on a generically etale finite flat group scheme is 
similar to that of the arithmetic ramification filtration. 

Definition 5.1.2. Let A be a finite flat O^-algebra. Write A = Ok[xi, . . . ,x n ]/I with I an ideal 
generated by f\,...,f r . For a € Q>o, define the rigid space 

X a = {(x u ...,x n ) £A n K [0,l] | \f a (x u ...,x n )\ <9 a ,a = l,...,r}, 

where 6 = \s\ as in Notation 14.1.11 The highest break b{A/Ok) is the smallest number such that 
for all a > b(A/Ok), 7TQ Com (X a ) = ranker A This is the same as Definition 14. 1 .31 if A = Oi, except 
here we use the ring of integers instead of the fields in the notation. 

Notation 5.1.3. For a finite flat group scheme G = Spec A, it is generically etale if G >^o k k is 
etale over k; it is generically trivial if G ~><o k k is a disjoint union of copies of Spec/c. 

Definition 5.1.4. For a geometrically etale finite flat group scheme G = Spec A, we have a natural 
map of points G(> al s) c -> A a alg ); further composing with the map for geometric connected 
components, we obtain a map 

a a : G{k^) X a {k^) -> ^f om (A a ). 
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Define G a to be the closure of ker a a . We use b(G/Ok) to denote the highest break b(A/Ok); then 
for a > b{G/O k ), G a = SpecO k . 

Proposition 5.1.5. [TJ Lemme 2.3.2] Let — >• G' — > G — > G" be an exact sequence of finite 
flat group schemes. Then for a > 0, — ► G /a — > G a — > G" a — > is exact. 

Caution 5.1.6. For a subgroup scheme H C G and a > 0, we do not know how to link H a with 
i? x G G a . 

The following question is first raised in [T3]; and its proof is essentially due to Hattori. The 
author would like to thank him for clarifying this and the permission to include the proof here. 

Theorem 5.1.7. Let Ok be a complete discrete valuation ring of equal characteristic p. For any 
generically trivial finite flat groups scheme G over Ok, b(G/Ok) is a nonnegative integer. 

Proof. We may assume that G is connected by taking the connected component of the identity. By 
a theorem of Raynaud [TJ Theorem 3.1.1], we may realize G as the kernel of an isogeny / : 23 — > 21 
of two abelian schemes over Spec Ok- Let a and /3 be generic points of the special fibers of 21 and 
33, respectively. Then by [U Lemme 2.1.6], b(0^/0^ a ) = b{G/O k ). 

Since the generic fiber of G is a disjoint union of copies of Spec A;, we know that O^ a/0% a is 
a generically etale finite Galois extension of complete discrete valuation rings, with Galois group 
G(k); in particular, all irreducible representations of this Galois group over an algebraically closed 
field are one dimensional. By Hasse-Arf Theorem 14.4. 11 b(0^ p/O^ a ) = b(G/Ok) is an integer. □ 

5.2 Generic p°°-th roots 

In this subsection, we introduce the notation of generic p°°-th roots. This idea was first introduced 
in [8] as a key ingredient of Borger's Artin conductor. 

Keep the notation as in previous sections. We assume Hypothesis 12.3.21 that k has a finite 
p-basis bj. 

Notation 5.2.1. Let x±, . . . ,x m be transcendental over k. Define k' to be the completion of 
k(xi, . . . , x m ) with respect to the (1, . . . , 1)-Gauss norm. Set I' = k'l. Obviously, I' is the completion 
of l( x%, . . . , x m ) with respect to the (1, . . . , 1)-Gauss norm. We call x\, . . . , x m dummy variables. 

Definition 5.2.2. We use adding generic p°° -th roots to refer to the following procedure. Consider 

k^k = k'{{bj + xjs^-J eJ,ne N) A , 

instead of k, namely, put all p-power roots of bj + xjs for all j G J into k! and then take the 
completion. We provide k with the p-basis xj, i.e., replacing bj by Xj for all j G J. For a 
finite field extension l/k, we replace it by the extension of the composite I = Ik/k. Note that 
Gal(//fc) = Gal(//A;) as k is linearly independent from I. 

The proof of the following proposition is essentially the same as [17} Lemma 3.5.4]. It is also 
implicitly contained in Borger's construction of Artin conductors (Subsection 15. 3p . 

Proposition 5.2.3. Let l/k be a finite Galois extension of complete discretely valued fields of equal 
characteristic p and with finite p-basis. Then, after finitely many operations of adding generic p°° -th 
roots, the field extension has separable residue field extension. 
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Proof. First, the tamely ramified part is always preserved under these operations. So, we can 
assume that l/k is totally wildly ramified and hence the Galois group Gy k is a p-group. We can 
filter the extension l/k as k = fco C • • • C k n = I, where ki/ki-i is a (wildly ramified) Z/pZ-Galois 
extension and ki/k is Galois for each i = 1, . . . , n. Each of these subextensions 

(a) either has inseparable residue field extension (and hence has naive ramification degree 1), 

(b) or has separable residue field extension (and hence has naive ramification degree p). 

Let iq be the maximal number such that k{/ki-\ has separable residual extension for i = 
1,. . . ,iq. Obviously adding generic p°°-th roots does not decrease iq because after adding generic 
p°°-th. roots, the naive ramification degree of ki /k still equals to the degree p t0 . It then suffices 
to show that after finitely many operations of adding generic p°°-th roots, ki 0+ \/ki has separable 
residue field extension. Suppose the contrary. 

Let g G G ki{j+l/kt() ~ Z/pZ be a generator. We claim that 7 = mm weOkt0+1 (v ktQ+1 {g{w) - w)) 
decreases by at least 1 after adding p°°-th roots. This would conclude the proposition, because the 
number 7 is always a nonnegative integer, which would lead to a contradiction. 

Let z be a generator of O kiQ+1 as an O kiQ -algebra. It satisfies an equation 

z p + a 1 z p ~ 1 + ••• + a p = (5.2.4) 

where 01, . . . , a p _i G and a p G G^, with a p G ) p = K k \( K k ) p - ^ * s eas y ^° see ^ na ^ 

7 = Vk io (g(z) - z). 

Adding generic p°°-th roots to k gives us the field k. Now, the field extension kki Q +i/kki is 
also generated by z as above. But we can write a p = a p + (3 for a G 0^ k , and f3 G tn^ fc . . Hence if 

we substitute z' = z + a into (I5.2.4p . we get z' p + a' 1 z' p ~ 1 + ■ ■ ■ + a' p = 0, with a' 1; . . . , a' p G m^ fc . . 

Hence, +1 ( z ') > 0. By assumption that the extension kki +i/kki has naive ramification degree 

1, a uniformizer of fcj is also a uniformizer for kki 0+ \ and hence z'/tt^ lies in C^. fc . +i . Thus, 

7 ' = . ,an in ( V ~kk in+ i (9( w ) ~ w )) - v kk ln+1 ) ~ ^7% ) = v kiQ+1 (g(z) - z) - 1 = 7 - 1. 

This proves the claim and hence the proposition. □ 

5.3 Borger's Artin conductors 

We start with reviewing Borger's definition of Artin conductors following [8]. Then, we prove the 
comparison theorem linking this to arithmetic and differential conductors. 

Keep the notation as above. Let A; be a complete discretely valued field of equal characteristic 
p, with no further hypothesis added. In fact, Borger's construction works of mixed characteristic 
case, but we only focus on the equal characteristic case (see Remark l5,U.l|) . 

Definition 5.3.1. An F p -algebra R is called perfect if F : x 1— > x p is an isomorphism. For a 
fp-algebra R, we use R pf = U ng N-R 1//p " to denote its perfection. Let CRPei fc be the subcategory of 
the category of Ofc-algebras consisting of flat O^-algebras A, complete with respect to the rrifc-adic 
topology and for which A/m-kA is perfect. 
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Proposition 5.3.2. [8, Theorem 1.4] This category CRPo fc has an initial object O^, the universal 
residual perfection of Ok- We have an equivalence of categories 

CKP 0k ^ Perf Alg^r, A h-> A/m k A, (5.3.3) 

k 

where PerfAlg^r is the category of perfect O^/m-kO^-algebras. 

Definition 5.3.4. Let Of be the inverse image of Frac(0^/mfcO^) under (|5.3.3p . called the generic 
residual perfection of Ok- Denote k 9 = Frac(Cf). By Proposition 15.3.21 Of. is a complete discrete 
valuation ring with perfect residue field. 

We have a homomorphism of Galois groups G^a — > G^- Given a representation p of with 
finite image, we define the Borger's Artin conductor Art^(p) to be Art{pG k3 ), where the latter 
term is as in the classical definition |21j . 

Remark 5.3.5. In [8], Borger only defined Artin conductors for representations of finite image. 
We expect his definition can be extended to representations of finite local monodromy. However, 
this additional freedom is not essential, so we stick to finite image case to ease the argument. 

Obviously, Borger's Artin conductors have a Hasse-Arf property naturally inherited from that 
of k 9 , a complete discretely valued field with perfect residue field. 

Proposition 5.3.6. [8, Theorem A] Borger's Artin conductor Art b(p) is a nonnegative integer 
and it coincides with the classical definition when the residue field Kt is perfect. 

[8] Proposition 2.3] Furthermore, Art b(p) is unchanged after a finite unramified extension of 

k. 

Moreover, Borger proved that his definition coincides with a variant of arithmetic Artin con- 
ductor Art ^ for characters using the definition of Kato [2]. (As we will not use Kato's definition, 
we just mention the following proposition fact.) 

Proposition 5.3.7. [8, Theorem B] Letx be a class in ir^Gfc, Q/Z) and\' its image ini7 1 (Gfc 9 ,Q/Z). 
Then Artxix) = Artx(x')- ^ n particular, for a rank one representation p of Gk with finite image, 
Art K (p) = Art B {p)- 

Borger gave the following explicit descriptions of k u and k 9 . 

Proposition 5.3.8. We have k u = (nk{vij \ j € J, i € N]) pf ((^k u ))- The homomorphism k ^ k u is 
determined by s ^ ir^ and bj (->■ bj + ^i>o v i,j 7T k u ■ Also, k 9 = Frac^fcf-Ujj; j 6 J,i S N] pf ) ((vr^)) 
and the homomorphism k — > k 9 is given by composing k k u with the natural morphism k u ^ k 9 . 

5.4 Comparison with Borger's conductors 

The key to prove the comparison between Borger's Artin conductors and the arithmetic Artin 
conductors is to study how the arithmetic Artin conductors behave under the operations of adding 
generic p°°-th roots. 

In this subsection, we do not impose any hypothesis on k. 

Proposition 5.4.1. Assume Hupothesis \2. 3. Si For representations of finite images, the differential 
Artin conductor for a representation of finite image is unchanged after adding generic p 00 -th roots. 
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Proof. Since the operation of adding p°°-th roots does not change the Galois group of the finite 
Galois extension, we may assume that the representation is irreducible and totally and wildly 
ramified. Hence it suffices to consider the differential ramification break of a totally and wildly 
ramified finite Galois extension l/k. 

Recall that we have a differential module £ over Zj- 710 = A^[t]q, 1) for some 770 G (0, f) with 
differential operators dsj and ds, associated to the regular representation of Gal(l/k) over Q p . 
The base change k k' = k(xj) A is translated into the base change of £ into £', from Z^- Vo 
to Zg 710 = A^, x ^ A [r]o,l), where K' = K(Xj) A is the completion of K(Xj) with respect to the 
(1, . . . , 1)-Gauss norm; £' has differential operators 83 J} dxj, and ds- 

Consider the rotation / : z}?° -> z}?° by f*(Bj) = Bj + XjS, f*(Xj) = Xj, and f*(S) = S; 
write d' Bj , d' Xj , and d' s for the action of differential operators on f*£'. Then, 

d' Bj = d Bj , d' Xj =S- d Bj + d Xj , d' s = J2 X i- d B 3 + ds- 

Since Xj are transcendental over K, we have 
max{|5 Bj |£-, ;iS p, \d s \ £rltSp , \d Xj \s v , S p} = l^sl^.sp = max{|9x J |g/,sp, |<9s|^, sp }, Vt? G [770, 1). (5.4.2) 

Note that adding generic p°°-th roots to k, exactly corresponds to replacing £ by f*£' and for- 
getting the differential operators Bj. By (|5.4.2p above, the differential non- logarithmic ramification 
break of l/k is the same as that of l/k. □ 

Theorem 5.4.3. For a complete discretely valued field k of equal characteristic p and a represen- 
tation p of its Galois group Gk with finite image, the arithmetic Artin conductors Art ar (p) as well 
as the differential Artin conductors Artdif(p) are the same as Borger's Artin conductors Arte(p). 

Proof. First we may assume that p is irreducible and it factors exactly through the Galois group 
Gi/k of a totally ramified Galois extension l/k because all conductors are additive and remain the 
same under a (finite) unramified extension (Theorem 12.4. II 2) and Propositions 14.1771 (4) and !5.3.6|) . 
As k 9 has a perfect residue field, Artg(p) = AitB(p\G k9 ) = Artdif {p\c k g ) are the same as in the 
classical definition. It suffices to show Artdif (p) = Artdif (p\G k g) ■ 

Similarly to the proof of Theorem 14.4.11 one may add the p°°-th. roots of all but finitely 
many elements of the p-basis into k without changing the differential Artin conductors. In other 
words, there exists k k\ = k(tfj \j G J\Jo,n G N) A for some finite set Jo C J, such that 
Artdif (p) = Artdif (p I Gai fel )• Since the residue field of k 9 is perfect, there exists k\ ^ k 9 extending 
k ^4 k 9 . Hence, we may assume Hypothesis 12.3.2] i.e., k has a finite p-basis. 

By Proposition I5.2.3|, we can do finitely many operations of adding generic p°°-th roots and 
make the resulting field extension hzl/ki not fiercely ramified and Artdif (p \ G k ) = Artdif {p\c k2 )■ 
In order to link ki with k 9 , we need to show that we have a homomorphism k<i k 9 extending 
k\ k 9 , for which we return to the proof of Proposition 15.2.31 and construct the homomorphism 
step by step. 

The r-th (1 < r < 7*0) step of adding generic p°°-th roots is to construct 
fcM = (k { r l \x r ,j)((x r _ ld +Xrj7r fc ) 1 /P" ; j G J, n G N)) A . 
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where xqj = bj for j £ J and k\ = k\. One checks that mapping 

x r,j ^ ^2 V r',j^ka~ r , V? G J, r = 1, . . . , r ; 

r'>r 

gives the desired homomorphism ki^f k g . 

Now, A;2^/^2 has naive ramification degree [foi : ^2], so Ofcs; = O^a ®o k9 Ofc 2 i- Hence, 
Art dif (p|g fc2 ) = Avt ar (p\ Gk2 ) = Art ar (p[ Gfc9 ) = Art dii (p\ Gkg ) via Theorem |44J] and Proposi- 
tion U?L7^4) • This finishes the proof. □ 
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